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Abstract

We prove a local version of a (global) result of Merle and Zaag about ODE behavior of solutions near
blowup points for subcritical nonlinear heat equations. As an application, for the equation u; = Au +
V(x)f(u), we rule out the possibility of blowup at zero points of the potential V for monotone in time
solutions when f(u) ~ uP for large u, both in the Sobolev subcritical case and in the radial case. This
solves a problem left open in previous work on the subject. Suitable Liouville-type theorems play a crucial
role in the proofs.
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1. Introduction

In this paper, we consider the following semilinear heat equation with spatially dependent
coefficient in the nonlinearity:

ur=Au+Vx)fw), O0<t<T, xeQ. (1.1)

In the case when V is a positive constant and f(u) ~ u? with p > 1, the blowup behavior of
solutions has received considerable attention in the past decades and a rich variety of phenomena
has been discovered (see, e.g., the monograph [29] and the references therein). In the case when
the potential is nonnegative and nonconstant, it is a natural question whether or not blowup can
occur at zero points of the potential V. Although the answer would intuitively seem to be negative
at first sight, it was surprisingly found in [6,13,15,14] to be positive or negative depending on the
situation (see Remark 1.2 for details).
The goal of this paper is twofold:

(i) rule out the possibility of blowup at zero points of the potential V for monotone in time
solutions of equation (1.1) when f(u) ~ u? for large u.

(ii) prove a local version of a (global) result of Merle—Zaag [22] about ODE behavior of solu-
tions near blowup points for subcritical nonlinear heat equations. This result, of independent
interest, and which seems to be new even in the case V = 1, will be an essential ingredient
for (i).

Let us now state our general assumptions:

Q is a domain of R”, T € (0, 00), (1.2)
f 110, 00) — [0, 00) is a function of class Cl, (1.3)
lim s7? f(s) = 1 for some p > 1, (1.4)
§—>00
If' &I <CU+s"hH, s=0, (15)
V : Q — [0, 00) is a Holder continuous function. (1.6)

Throughout this article, we set

ps=m+2)/(n—2)4, a=1/(p—1), kK=o

and we denote the zeroset of V by
Vo= {x eQ; Vix)= 0}.

Our first main result rules out the possibility of blowup at zero points of the potential V for
monotone in time solutions of (1.1), under suitable assumptions. In fact, the case of the homo-
geneous Dirichlet problem associated with equation (1.1) with f(0) = 0 was completely solved
in [15]. The more delicate case f(0) > 0 was left as an open problem. We here essentially solve
it for subcritical p, under a mild geometric assumption. Actually, the result here is formulated in
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