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HOMOMORPHISMS BETWEEN DIFFERENT QUANTUM TOROIDAL

AND AFFINE YANGIAN ALGEBRAS

MIKHAIL BERSHTEIN AND ALEXANDER TSYMBALIUK

Abstract. This paper concerns the relation between the quantum toroidal algebras and

the affine Yangians of sln, denoted by U
(n)
q1,q2,q3 and Y

(n)
h1,h2,h3

, respectively. Our motivation

arises from the milestone work [GTL], where a similar relation between the quantum loop
algebra Uq(Lg) and the Yangian Yh(g) has been established by constructing an isomorphism

of C[[�]]-algebras Φ: ̂Uexp(�)(Lg)
∼−→̂Y�(g) (with ̂ standing for the appropriate completions).

These two completions model the behavior of the algebras in the formal neighborhood of
h = 0. The same construction can be applied to the toroidal setting with qi = exp(�i)
for i = 1, 2, 3 (see [GTL, T1]). In the current paper, we are interested in the more general

relation: q1 = ωmneh1/m, q2 = eh2/m, q3 = ω−1
mne

h3/m, where m,n ≥ 1 and ωmn is an mn-
th root of 1. Assuming ωm

mn is a primitive n-th root of unity, we construct a homomorphism

Φωmn
m,n between the completions of the formal versions of U

(m)
q1,q2,q3 and Y

(mn)
h1/mn,h2/mn,h3/mn

.

Introduction

Given a simple Lie algebra g, one can associate to it two interesting Hopf algebras: the
quantum loop algebra Uq(Lg) and the Yangian Yh(g). Their classical limits, corresponding to
the limits q → 1 or h → 0, recover the universal enveloping algebras U(g[z, z−1]) and U(g[w]),
respectively. The representation theories of Uq(Lg) and Yh(g) have a lot of common features:

-the descriptions of finite dimensional simple representations involve Drinfeld polynomials,
-these algebras act on the equivariant K-theories/cohomologies of Nakajima quiver varieties.

However, there was no explicit justification for that until the recent construction from [GTL]
(also cf. [G, Section 5]). In [GTL], the authors construct a C[[�]]-algebra isomorphism

Φ: Ûe�(Lg)
∼−→Ŷ�(g)

of the appropriately completed formal versions of these algebras. Taking the limit h → 0 corre-
sponds to factoring by (�) in the formal setting. The classical limit of the above isomorphism

is induced by lim←− C[z, z−1]/(z − 1)r
∼−→lim←− C[w]/(w)r � C[[w]] with z±1 �→ e±w.

In the current paper, we generalize this construction to the case of the quantum toroidal

algebras and the affine Yangians of sln and gl1. To make our notations uniform, we use U
(n)
q1,q2,q3

to denote the quantum toroidal algebra of sln (if n ≥ 2) and of gl1 (if n = 1). This algebra

depends on three nonzero parameters q1, q2, q3 such that q1q2q3 = 1. We also use Y
(n)
h1,h2,h3

to

denote the affine Yangian of sln (if n ≥ 2) and of gl1 (if n = 1). This algebra depends on three
parameters h1, h2, h3 such that h1 + h2 + h3 = 0. For n ≥ 2, these algebras were introduced
long time ago by [GKV, G]1. However, the quantum toroidal algebra and the affine Yangian of
gl1 appeared only recently in the works of different people, see [M, FT1, SV1, MO, SV2, T1].

The main result of this paper, Theorem 3.1, provides a homomorphism

Φωmn
m,n : Û

(m),ωmn

�1,�2
−→ Ŷ

(mn)
�1,�2

1 Actually, we will need to modify slightly their construction in the n = 2 case.
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