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EVEN DEGREE CHARACTERS IN PRINCIPAL BLOCKS

EUGENIO GIANNELLI, GUNTER MALLE, AND CAROLINA VALLEJO RODRÍGUEZ

Abstract. We characterise finite groups such that for an odd prime p all the irreducible
characters in its principal p-block have odd degree. We show that this situation does not
occur in non-abelian simple groups of order divisible by p unless p = 7 and the group is
M22. As a consequence we deduce that if p �= 7 or if M22 is not a composition factor of
a group G, then the condition above is equivalent to G/Op′(G) having odd order.

1. Introduction

Let G be a finite group, let p be a prime dividing the order of G and let B0 be the
Brauer principal (p-)block of G. Brauer’s height zero conjecture asserts that p does not
divide the degrees of the irreducible ordinary characters belonging to B0 if, and only if,
a Sylow p-subgroup P of G is abelian. Let q be a prime different from p. It would be
interesting to characterise when all degrees of irreducible ordinary characters belonging
to B0 are coprime with q. When q = 2, G. Navarro predicted that all irreducible ordinary
characters in B0 have odd degree if, and only if, G/Op′(G) has odd order. We confirm
here that this claim holds whenever p �= 7. For p = 7, the group M22 is a counterexample,
and the only counterexample among finite simple groups.

Theorem A. Let p be an odd prime, and let B0 be the principal p-block of a group G
of order divisible by p. If p �= 7 or M22 is not a composition factor of G, then every
irreducible character in B0 has odd degree if, and only if, G/Op′(G) is a group of odd
order.

The Ito–Michler theorem characterises when a prime q does not divide the degrees of
the irreducible characters of a group. A natural version of the Ito–Michler theorem for
principal blocks would be: If all the irreducible characters of B0(G) have degree coprime
to q, for some prime q �= p, then some Sylow q-subgroup Q of G is normalised by a Sylow
p-subgroup P of G. In [NW01] the authors prove this result under the assumption that G
is a {p, q}-separable group. However, such a version does not hold outside {p, q}-separable
groups, as the authors also point out that the separability condition of G is necessary (as
shown by G = J1, p = 2, q = 5). For q = 2 and p �= 7 we have the characterisation
given by Theorem A. (Observe that a Sylow 2-subgroup of G = M22 is self-normalising
and hence in particular not normalised by any Sylow 7-subgroup of G.)
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