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RESUME

Nous étudions la quasi-ergodicité des diffusions unidimensionnelles sur 10, oo[, ot 0 est
une frontiére de sortie et oo une frontiére d’entrée. Notre but est d’'améliorer des résultats
obtenus par He and Zhang (2016) [3]. Ainsi, nous retrouvons les résultats principaux de ce
texte sous des hypothéses moins restrictives.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let X = (X, t > 0) be a one-dimensional drifted Brownian motion on (0, o), i.e.
dX; =dB; — a(X;) dt, Xo=x>0, (1.1)

where (B;,t > 0) is a standard one-dimensional Brownian motion and « € C1(0, co0). In this paper, o can explode at the
origin. There exists a pathwise unique solution to the stochastic differential equation (1.1) up to the explosion time 7.
Associated with o, we consider the following two functions
X X y

A(x):/eQ(y) dy and K(x):/eQ(” /e’Q(Z)dz dy, (1.2)
1 1 1
where Q (y) := Zflya(x) dx. Note that A is the scale function of the process X.
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The other important role will be played by the following measure &, which is not necessarily finite in this paper, defined
on (0, 00):

w(dy) :=e=2Wdy. (1.3)
Note that w is the speed measure of the process X.
Let Ty :=inf{0 <t < T : X; = a} be the hitting time of a € (0, c0) for the process X. We denote by To, = lim T, and
To = nango T1/n. Since « is regular in (0, 00), then T = min{To, To}. Let Py be the probability measure unde??/voﬁlich the
process X starts at x. For any distribution m on (0, oo), we will use the notation

oo

Pr(-) 5=/Px(-)n(d><)-
0

We shall denote by E, (resp. Er) the expectation corresponding to Py (resp. IP;). We denote by (0, oo) the Borel o -algebra
on (0, c0), Z(0,00) the set of all probability measures on (0, c0) and 14 the indicator function of A. We define the inner
product

(f,gm:/f(u)g(U)u(du).
0

In this paper, we will use the following hypothesis (H).

Definition 1.1. We say that hypothesis (H) holds if the following explicit conditions on «, all together, are satisfied:

(H1) forall x>0, Px(t =Tg < Too) =1;
(H2) for any € >0, u(0, &) = o0;

(H3) S = [FeQW) (f;’" e—Q<Z>dz) dy < co.

It is well known (see, e.g., [4], Chapter VI, Theorem 3.2) that (H1) is equivalent to A(co) = oo and x (07) < oo. According
to Feller’s classification (see [5, Chapter 15]), if (H1) and (H2) are satisfied, then 0 is an exit boundary; if (H1) and (H3) are
satisfied, then 400 is an entrance boundary.

One of the fundamental problems for a killed Markov process conditioned on survival is to study its long-term asymptotic
behavior. In order to understand the behavior of the process before extinction, a relevant object to look at is a so-called
quasi-ergodic distribution (see [1]). In this paper, we will study the existence and uniqueness of quasi-ergodic distributions
for the one-dimensional diffusion process X satisfying hypothesis (H).

Recently, under the conditions that hypothesis (H) holds and the killed semigroup satisfies intrinsic ultracontractivity,
He and Zhang [3] proved that there exists a unique quasi-ergodic distribution for the one-dimensional diffusion process X.
The main aim of this note is to show that this conclusion still holds only under hypothesis (H) without the intrinsic
ultracontractivity. Our main result is Theorem 3.1 (see Section 3).

2. Preliminaries

Before going to our main result, we give some preliminaries. We denote by L := %8,(,( — o0y the infinitesimal generator
of the one-dimensional diffusion process X. From [G], we know that L is the generator of a strongly continuous symmetric
semigroup of contractions on L2(u) denoted by (Pt)t=0. This semigroup is sub-Markovian, that is, 0 < P¢f <1 p-ae. if
0 < f <1. Also from [6], we get that when (H1) holds, the semigroup of the process X killed at O can be given by

Pef(x) =Ex[f(Xe), To > t].

In this paper, we study quasi-ergodicity for one-dimensional diffusions on (0, co0), where 0 is an exit boundary and
400 is an entrance boundary. More formally, the main object of interest of this work would be captured by the following
definition.

Definition 2.1. We say that m € #2(0, 00) is a quasi-ergodic distribution if there exists a m € £2(0, co) such that, for any
A € B(0, c0),

t

1
lim E; —/IA(XS)ds|T0>t =m(A).

t— 00 t
0
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