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Abstract

We provide a short and simple proof of a beautiful result of Kaczorowski and Perelli classifying
the elements of degree one in the Selberg class.
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In [5], Selberg axiomatized properties expectedLefinctions and introduced the
“Selberg class.” We recall that an elemé&ndf the Selberg clasy” satisfies the following
axioms.

Axiom 1. In the half-planes > 1 the functionF (s) is given by an absolutely convergent
Dirichlet series) o2 ; a(n)n~* with a(1) = 1 anda(n) <n® for everye > 0.

Axiom 2. There is a natural numben such that(s — 1) F(s) extends to an analytic
function of finite order in the entire complex plane.

E-mail addressksound@umich.ed(K. Soundararajan).

0723-0869/$ - see front matt€r 2005 Elsevier GmbH. All rights reserved.
doi:10.1016/j.exmath.2005.01.013


http://www.elsevier.de/exmath
mailto:ksound@umich.edu

66 K. Soundararajan / Expo. Math. 23 (2005) 65—-70

Axiom 3. There is a functior®(s) = Q*G(s) F (s) whereQ > 0 and
G(s)=[] I'Gjs +up) with 2;>0andRei; >0
j=1
such that
D) =Pl —s),

where|w| =1 and for any functiofi we denotef (s) = f (5). We letd := 2 Z’]?:l /; denote
the “degree” of.

Axiom 4. We may express lof§f (s) by a Dirichlet series

oo

og Py =3 2 AW

ns logn’
n=2 9

whereb(n) <n” for somed < 3. Setb(n) = 0 if nis not a prime power.

A fundamental conjecture asserts that the degree of an element in the Selberg class is an
integer. From the work of Richef4] it follows that there are no elements in the Selberg
class with degree & d < 1. This was rediscovered by Conrey and Ghfighwho also
proved that the Selberg class of degree 0 contains only the constant function 1. Recently,
Kaczorowski and Perel[R] determined the structure of the Selberg class for degree 1 and
showed that this consists of the Riemann zeta function and shifts of Diricfiletctions.
Subsequently, if8] they showed that there are no elements of the Selberg class with degree
l<d< % In this note, we shall give a short and simple proof of Kaczorowski and Perelli's
beautiful result on the Selberg class for degree 1.

Theorem. Suppose F satisfies Axiois3and that the degree of F s Then there exists
a positive integer q and a real number A such thagt)n~'4 is periodic(modg). If in
addition F satisfies Axior then there is a primitive Dirichlet charactes (modg’) such
that F(s) = L(s +iA, x).

We remark that Kaczorowski and Perelli obtain their results without assuming the hypoth-
esisa(n) <n®. We could restructure our proof to avoid this assumption, but have preferred
not to do so in the interest of keeping the exposition transparent. Our method may also
be modified and combined with the ideaq&j to give a simplification of their result for
l<d< %

Supposéd- satisfies Axioms 1-3 and has degree 1. By Stirling’s formula we see that for
=1
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