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Abstract

Thenth Bell numberBn is the number of ways to partition a set ofn elements into nonempty sub-
sets. We generalize the “trace formula” of Barsky and Benzaghou[1], which asserts that for an odd
primepand an appropriate constant�p, the relationBn =−Tr(ϑn−1−�p )B�p holds inFp, whereϑ is
a root of̃g(x)=xp −x −1 and Tr: Fp[ϑ] −→ Fp is the trace form.We deduce some new interesting
congruences for the Bell numbers, generalizing miscellaneous well-known results including those of
Radoux[4].
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1. Generating function

LetA be any integral domain containingZ. As in[2], we consider the linear operator� :
A[x] −→ A[x]whichmaps the Pochhammer polynomial(x)n=x(x−1) · · · (x−(n−1))
onxn and we define the Bell polynomialsBn(x)=�(xn). With the Stirling numbers of the
second kind, we have

Bn(x) =
{n

0

}
+

{n

1

}
x1 +

{n

2

}
x2 + · · · +

{n

n

}
xn
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and theBell numbers are simplyBn=Bn(1)=[�(xn)]x=1. Theordinary generating function
for Bell polynomials is given by

F(x, z) :=
∑
n�0

Bn(x)zn = 1+ �


xz

∑
n�0

(xz)n


 .

The relationx�((x)n)=xn+1=�((x)n+1)=�(x(x −1)n) holds for every integernand
by linearity, we deduce that�(xf (x)) = x�(f (x + 1)) for any polynomialf (x) ∈ A[x].
Using this fact, we get

F(x, z) = 1+ xz �


∑

n�0

((x + 1)z)n


 = 1+ xz �

(
1

1− z − xz

)

and therefore

F(x, z) = 1+ xz

1− z
�

(
1

1− xz/(1− z)

)
= 1+ xz

1− z
�


∑

n�0

(
xz

1− z

)n

 .

We can summarize this with the relation

F(x, z) = 1+ x · h(z)F (x, h(z)),

whereh(z) = z/(1− z) is the Möbius transformation associated to the matrix

(
1 0

−1 1

)
.

The compositions ofh(z) areh◦k(z) = z/(1− kz) and for any integerm, we have

F(x, z) =
m−1∑
k=0

xkh(z)h◦2(z) · · · h◦k(z) + xmh(z)h◦2(z) · · · h◦m(z)F (x, h◦m(z)).

Sinceh◦m(z) ≡ zmodmZ[[z]], we get (modulomZ[x][[z]])

F(x, z) ≡
m−1∑
k=0

xm−1−kh(z)h◦2(z) · · · h◦(m−1−k)(z)

+ xmh(z)h◦2(z) · · · h◦(m−1)(z)zF (x, z),

hence(1− z)(1− 2z) · · · (1− (m − 1)z)F (x, z) is congruent (modulomZ[x][[z]]) to
m−1∑
k=0

[(xz)m−1−k(1+ kz)(1+ (k − 1)z) · · · (1+ z)] + (xz)mF(x, z).

Given a primep, we can imbed the situation in thep-adic ringZp and the above congruence
is still valid modulomZp[x][[z]]. The particular case whenm is divisible byp, saym=np,
is interesting: in[2], we proved that(x)np ≡ (xp − x)n mod(np/2)Zp[x], and taking
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