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Abstract

We present a Las Vegas algorithm which, for a given matrix group known to be isomorphic mod-
ulo scalars to a finite alternating or symmetric group acting on the fully deleted permutation module,
produces an explicit isomorphism with the standard permutation representation of the group. This
algorithm exploits information available from the matrix representation and thereby is faster than
existing ‘black-box’ recognition algorithms applied to these groups. In particular, it uses the fact
that certain types of elements in these groups can be identified and constructed from the structure
of their characteristic polynomials. The algorithm forms part of a large-scale program for comput-
ing with groups of matrices over finite fields. When combined with existing ‘black-box’ recognition
algorithms, the results of this paper prove that dmyimensional absolutely irreducible matrix rep-
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resentation of a finite alternating or symmetric group, over a finite field, can be recognised with
0(dY?) random group elements ar@i(d1/2) matrix multiplications, up to some logarithmic fac-
tors.
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1. Introduction

In this paper we present an algorithm designed to recognise finite alternating and sym-
metric groups acting naturally as matrix groups in their smallest dimensional, faithful,
absolutely irreducible representations over a finite field of charactepisfibe reason for
focusing on the special case of these representatiofis ahds,, is that they arise in a spe-
cial way as maximal subgroups (modulo scalars) of finite classical groups. The algorithm
given in this paper require® (n%) random selections and (n* log? n) matrix multiplica-
tions, wherex = 1/3 if p # 3 anda = 1/2 for p = 3, and is asymptotically faster than an
implementation for these groups of the fastest known ‘black-box’ algorithm to recognise
finite alternating and symmetric groups. Moreover, the algorithm given in this paper, com-
bined with the ‘black-box’ algorithm in [5], provides a uniform complexity @{d%/?)
random selections andl (d¢/2) matrix multiplications (up to some logarithmic factors) to
recognise any-dimensional absolutely irreducible representation of a finite alternating or
symmetric group over a finite field, see Section 2.1 for details.

Aschbacher [1] described eight families of maximal subgroups of the finite classical
groups of dimensior over a fieldF of orderq (whereq = p* for some primep). He
proved that any maximal subgroup not lying in one of these eight families must be
nearly simple, that i€7 /(G N Z) has a simple socl& whereZ denotes the subgroup of
non-zero scalar matrices. Moreover, for these nearly simple groups, the pre-image of
G is absolutely irreducible on the underlying vector specés not realisable over a proper
subfield, and is not a classical group in its natural representation. Every abstract finite sim-
ple group can occur in this way as the simple gréupn Section 2 we briefly describe how
Aschbacher’s result has been used as the underpinning framework for a matrix recognition
project for matrix group computation, and how the algorithm of this paper fits into this
framework.

Moreover, it was shown by Liebeck [22] that, for sufficiently high dimensions, the
largest among the nearly simple maximal subgroups mentioned above are the groups
Z x S, acting on the fully deleted permutation module o¥ezorresponding to the natural
transitive permutation action &, of degreen. This module will be described in detail in
Section 3.1. Its dimension is— 1 if the characteristip does not divide:, and isn — 2 if
p does dividen.

Our main result is Theorem 1.1. It involves several parameters, namely andé.

The parametet is an upper bound on the cost of producing one random eleme(it of
oF is an upper bound on the cost of performing one operation (addition, multiplication
or finding an inverse) in the finite field of orderq; andw is a real number for which
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