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Abstract

An affine pseudo-covering : Y — X of smooth affine varieties is an étale morphism whose image
contains all codimension one points ®f If f splits an étale endomorphisg: X — X as¢ =
f - g with a dominant morphisng: X — Y, then f andg are affine pseudo-coverings under some
additional conditions which are satisfied whEns the affinez-spaceA”. Motivated by the Jacobian
problem, we consider an affine pseudo-coverings in the case Whar& is isomorphic to the affine
planeA?,
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0. Introduction
We are motivated by the following problem.

Generalized Jacobian Conjecture. Let X be a normal algebraic variety defined over the
complex fieldC and letg : X — X be an étale endomorphism. Theiis a finite morphism.
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If we take X to be the affine spac&”, it is the Jacobian conjecture. In order to avoid
the confusion of the sourc& and the targetX of the morphismg, we denote it by
¢:X1— X2, whereX; = X2 = X. Suppose that there exists a non-isomorphic, étale endo-
morphismgp of X. We are interested in normal algebraic varietieshich might factorize
¢ inthe sense that: X1 2 ¥ % X, and thatp; andg, are étale. We may assume that
they are almost surjective in the sense that the image includes all codimension one points.
In general, given a morphisrfi: X — Y of normal affine varieties, we say thatis an
affine pseudo-coveringf Y if f is almost surjective and étale.

Lety: X — X be a surjective étale endomorphism of an affine variety which is not an
automorphism. There are, in fact, such examples of affine algebraic surfaces [7]. Taking an
arbitrarily high iteration ofp, we have an affine pseudo-covering of arbitrarily high degree
of X. If X is isomorphic toA”, we are interested in what kind of algebraic varieties are
affine pseudo-coverings @f” or what kind of algebraic varieties ha¥¢ as affine pseudo-
coverings. These points of view are the main motivations of the present article. Since we
need structure theorems on algebraic varieties, we consider these problems mostly in the
case of algebraic surfaces.

If a smooth affine algebraic surfadgehasA? as an affine pseudo-covering, then(X)
is a finite group and has log Kodaira dimensioroco. SinceX has then a\!-fibration
over the affine lineA! or the projective liné?!, the conditionz1(X) be finite entails the
data on multiplicities of multiple fibers of thie!-fibration. We shall list up all possibilities
of X in the first section and look into the structures of these surfaces. The Makar-Limanov
invariant or the concept of MLsurface withi =0, 1, 2 derived from the invariant plays a
supplementary role in classifying these surfaces. Important classes of surfaces constitute of
affine pseudo-planes, cyclic!-fiber spaces ove! and Platonic\!-fiber spaces ovep?.

In the second section, we shall consider affine algebraic surfaces which have affine pseudo-
planes as covers of affine pseudo-coverings. In the third section, we consider the existence
of affine pseudo-coverings: X — AZ?. In regards to the Jacobian conjecture, it is expected
that a smooth affine surface which ha$ as a cover of an affine pseudo-covering is not a
cover of an affine pseudo-covering &f.

Some related observations are made in Wright [14] such as the non-existence of étale
morphisms from certain affine algebraic surfaces to the affine plane.

Throughout the article, the ground field is assumed to be the compleXfidldurveC
on a smooth projective surface is called(ap-curve if C is isomorphic td* and(C?) = n.

A (0)-curveC on a smooth projective rational surface defin@s dibration for whichC is

a fiber. For a smooth algebraic surfatewe denote by (X) the Picard number, i.e., the
rank of PidX) modulo numerical equivalence. We assume tfiax, Ox)* = C* unless
otherwise stated explicitly. We denote By the affine line with one point punctured.

The author is very grateful to Professor R.V. Gurjar for various comments and advice
on this article. The author is also indebted to the referee for improving the statement and
simplifying the proof of Theorem 3.3.

1. Affine pseudo-coveringswith A2 as covers

Let X be a smooth affine variety and I¢t: ¥ — X be a morphism of algebraic va-
rieties. We say thayf is almost surjectivaf codimy (X — f(Y)) > 2 and thatY is an
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