Available online at www.sciencedirect.com _—
SCIENCE@DIRECT" JOURNAL OF

Algebra

AV

ELSEVIER Journal of Algebra 283 (2005) 655-670 _____
www.elsevier.com/locate/jalgebra

On invariant theory of-groups

Dmitri I. Panyushev

Independent University of Moscow, Bol'shoi Vlasevskii per. 11, 121002 Moscow, Russia
Received 3 December 2003
Available online 18 November 2004
Communicated by Peter Littelmann
Dedicated to Oksana

Introduction

This paper is a contribution to Vinberg’s theory@froups, or in other words, to In-
variant Theory of periodically graded semisimple Lie algebras [Vi1,Vi2]. One of our main
tools is Springer’s theory of regular elements of finite reflection groups [Sp], with some
recent complements by Lehrand Springer [LS1,LS2].

The ground fieldk is algebraically closed and of characteristic zero. Through®us,

a connected and simply connected semisimple algebraic ggasjits Lie algebra, and
is the Cartan—Killing form org; I = rk g.

Intg (respectively Aug) is the group of inner (respectively all) automorphismsgypf
N is the nilpotent cone ig. Forx € g, 3(x) is the centraliser aof in g.

Letg =D,z 8 be a periodic grading of andé the correspondingith order auto-
morphism ofg. Let Go denote the connected subgroupg®ivith Lie algebrago. Invariant
Theory of6-groups deals with orbits and invariants@g acting ong;. Its main result sta-
tus that there is a subspace g1 and a finite reflection groupy/ (c, 6) in ¢ (thelittle Weyl
group) such thatk[g1]9° ~ k[c]" (. We say that the grading is N-regular (respectively
S-regular) ifgs contains a regular nilpotent (resgtively semisimple) element gf The
grading is locally free if there is € g1 such that(x) N go = {0}. The same terminology
also applies t@.

In this paper, we obtain some structural results for gradings with these properties and
study interrelations of these properties. Section 1 contains some preliminary material on
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6-groups and regular elements. In Section 2, we begin with a dimension formula for semi-
simple Go-orbits ing;. We also prove two “uniqueness” theorems. Recall thag latthe
identity component of Aug, and it operates on Agtvia conjugations. Givem € N, we

prove that each connected component of ghabntains at most one Igtorbit consisting

of automorphisms of order: that are either N-regular or S-regular and locally free. In
Section 3, we show th&-groups corresponding to N-regular gradings enjoy a number of
good properties. Let:s, ..., m; be the exponents af and let{e, i, f} be a regulasi,-

triple such that € g1 and f € g_1. For the purposes of this introduction, assume ¢hiat

inner. Sek; =#{j | m; =i (modm)} (i € Z,), and let; be a primitivemth root of unity.

We prove that

(i) the eigenvalues of onj(e) arec™ (1<i <),
(II) dim gi+1 — dlmgl =k_;j_1—k; foralli € Z,,
(i) the restriction homomorphisrim[g]G — k[g1]°° is onto,
(iv) the Gp-action ong; admits a Kostant—Weierstrass KW) section.

In the general case, the definition of thiés becomes more involved, see Eq. (3.1), but
the above assertions (ii)—(iv) remains intact.

In Section 4, it is shown that any locally free S-regular grading f N-regular. This
implies that all such gradings admit a KW-section. We also give a formula for dimension of
all subspaces; in the S-regular case. Another result is that dighk_1 for any6-group.

We then show that thé-stable coner ~7(¢) C g is a normal complete intersection. (Here
.9 — g//G is the quotient mapping.) In particular,dfis S-regular or N-regular, then

G - g1 is a normal complete intersection. A description of the defining ide&} of is

also given. This material on normality relies on results of Richardson [Ri]. It is curious to
note that in case: = 2 (i.e.,f is involutory) S-regularity is equivalent to N-regularity. But
for m > 2 neither of these properties implies the other.

Section 5 contains a description bt coexponents fdittle Weyl groups, ifo is both
S- and N-regular. This is based on recent results of Lehrer and Springer [LS2].

1. Vinberg’s #-groups and Springer’s regular elements

Leto be an automorphism gfof finite ordenn. The automorphism af induced byg is
also denoted bg. Let¢ be a fixed primitiventh root of unity. Ther® determines a periodic
gradingg = @iezm gi, whereg; = {x € g| 0(x) = ¢'x}. Whenever we want to indicate the
dependence of the grading énwe shall endowg;’ with a suitable superscript. I#/ is
a6-stable subspace, the; := M N g;. Recall some standard faobn periodic gradings
(see [Vil1, Section 1]):

d(gi,g;) =0unless + j =0;

@ is non-degenerate an @ g—; (i # 0) and ongo;

in particular,go is a reductive algebraic Lie algebra and dim= dimg_;;
if x € g; andx = x; + x, is its Jordan decomposition, thep x, € g;.
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