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Abstract

In this paper we describe all group gradings by a finite Abelian groupG of several types of simple
Jordan and Lie algebras over an algebraically closed fieldF of characteristic zero.
 2004 Published by Elsevier Inc.
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1. Introduction and notation

Let F be an algebraically closed field of characteristic zero,R a finite-dimensional
associative algebra overF andG a group. We say thatR is aG-graded algebra, if there is

* Corresponding author.
E-mail addresses:yuri@math.mun.ca (Y.A. Bahturin), shestak@ime.usp.br (I.P. Shestakov),

zaicev@mech.math.msu.su (M.V. Zaicev).
1 Work is partially supported by NSERC grant # 227060-00 and by FAPESP, grant # 01/10982-8.
2 Work is partially supported by CNPq, grant # 304633/2003-8.
3 Work is partially supported by RFBR, grant 02-01-00219, and SSC-1910.2003.1.

0021-8693/$ – see front matter 2004 Published by Elsevier Inc.
doi:10.1016/j.jalgebra.2004.10.007



850 Y.A. Bahturin et al. / Journal of Algebra 283 (2005) 849–868

a vector space sum decomposition

R =
⊕
g∈G

Rg,

such that

RgRh ⊆ Rgh for all g,h ∈ G.

A subspaceV ⊆ R is calledgraded(or homogeneous) if V = ⊕
g∈G V ∩ Rg . An element

a ∈ R is calledhomogeneousof degreeg if a ∈ Rg . The supportof the G-grading is a
subset

SuppR = {g ∈ G | Rg �= 0}.
An involution ∗ of a ring R is an antiautomorphism ofR whose order is 2, that is,
(ab)∗ = b∗a∗ and (a∗)∗ = a for any a, b ∈ R. An algebra is calledinvolution simpleif
it has no two-sided ideal different fromR and{0}. An elementa ∈ R is calledsymmetric
if a∗ = a andskew-symmetricif a∗ = −a. The set ofH(R,∗) of symmetric elements is a
Jordan algebra under the circle producta ◦ b = ab + ba (more oftena ◦ b = 1

2(ab + ba)

and the1
2 must be defined inR). The setK(R,∗) of skew-symmetric elements is a Lie

algebra under the bracket operations[a, b] = ab − ba. Any classical finite-dimensional
simple Lie algebra over an algebraically closed fieldF is isomorphic to a Lie algebra
K(R,∗) of skew symmetric elements of a finite-dimensional involution simple algebraR,
except sl(n), which is of the form[K(R,∗),K(R,∗)]. Similarly, any special simple finite-
dimensional Jordan algebra over an algebraically closed field ofF characteristic different
from 2, except of the algebra of non-degenerate symmetric bilinear form, is isomorphic to
the setH(R,∗) of symmetric elements of an involution simple algebraR. We use these
facts in this paper in order to apply our previous results [3] and [2] on the gradings of
the full matrix algebrasMn over an algebraically closed fieldF of characteristic zero to
the classification of the gradings by finite Abelian groups for those simple Lie and Jordan
algebras which can be obtained as just above fromR = Mn and an appropriate involu-
tion.

An involution ∗ of a G-graded ringR is calledgraded if, for any g ∈ G we have
R∗

g = Rg . We notice that the spacesH(R,∗) and K(R,∗) areG-graded if and only if
the involution is graded and we prove (Theorem 1) that if a grading onMn admits a graded
involution then the same grading can be performed by a finite Abelian group. In the case of
Abelian gradings we determine (Theorem 3) all gradings for whichH(R,∗) andK(R,∗),
for an appropriate involution, areG-graded. Then we use the connection between gradings
and actions by a finite Abelian group (described just below) to derive the gradings of Lie
algebras of the typesBl , l � 2, Cl , l � 3, Dl , l > 4, and of the Jordan algebrasH(Fn)

andH(Qn) (Theorems 4, 5, 6, 7). A key observation here is that any Abelian group of
automorphisms of an algebra in this list extends to an Abelian group of automorphisms of
the full matrix algebra of an appropriate order [7,8].

It should be noted that V. Kac [9] has essentially determined all gradings of simple
Lie algebras by finite cyclic groups by previously determining the automorphisms of fi-
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