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Abstract

We investigate a family of correspondences associated to étale coverings of degree 3 of hyperellip-
tic curves. They lead to Prym—Tyurin varieties of exponent 3. We identify these varieties and derive
some consequences.
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1. Introduction

A correspondencen a smooth projective curv@ is by definition a divisorD on the
productC x C. Any correspondencP on C induces an endomorphispg of the Jacobian
JC. Conversely, for every endomorphisyne EndC there is a correspondendz on C
such thaty = yp. However for most correspondencB®swhich occur in the literature,
yp is a multipled - 1;¢ of the identity of the Jacobian. In particular, this is the case for
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any correspondence of a general curve. It were mainly these correspondencesfcalled
valency dwhich were studied by the classical Italian geometers (see, e.g., [8]).

At the beginning of the 1970s A. Tyurin suggested the investigation of another class of
correspondences, namely effective symmetric correspondénaegghout fixed point on
C such thatyp satisfies an equation

Y2+ (e —2)yp — (e — 1) =0.

For these correspondenc®s= im(yp — 1,¢) is a Prym—Tyurin varietyof exponente,
meaning that the restriction of the canonical polarizatiorv6fto P is thee-fold of a
principal polarization orP. Jacobians are Prym—Tyurin varieties of exponent 1, Prym va-
rieties associated to étale double coverings are Prym-Tyurin varieties of exponent 2. On
the other hand, it is not difficult to show (see [2, Corollary 12.2.4]) that every principally
polarized abelian variety is a Prym—Tyurin of some high exponent. However, it seems not
S0 easy to construct Prym—Tyurin varieties of low expone First examples (associ-
ated to Fano threefolds) were investigated by Tyurin (see [9]). Other examples (associated
to Weil groups of certain Lie algebras) were constructed by Kanev (see [5]).

Itis the aim of this paper to study the following correspondence le¢ a hyperelliptic
curve of genug >3 and f: C — C an étale threefold covering. Consider the following
curve in the symmetric product@:

X={peC?|fP(p)egl

Let « denote the hyperelliptic involution af and forx € C write f*i(x) = {x1, x2, x3},
F~Yx) = {y1, y2, y3} and moreover for abbreviatiah; = x; + y; € C?. Then the sym-
metric (2, 2)-correspondenc® on X is defined by

D={(Pj,Pu)eX x X |i=kandj#loris#kandj=1(}.

We show in Section 2 under the hypothesis thats smooth and irreducible, tha =
im(yp — 1;x) is a Prym—Tyurin variety of exponent 3. In Section 3 we realig&ga— 1)-
dimensional family of pairgC, f) such thatX is smooth and irreducible. In fact, the
Galois groupG of the Galois extensiow — P! of C—>Plis necessarily isomorphic

to S3 x S3 C Se. In Section 5 we compute the dimensions of the Jacobians and Prym
varieties relevant to this situation. The main result of this section is Theorem 5.3 which
says that there are two trigonal curvEs and X, associated to subgroups 6fsuch that

P is canonically isomorphic as a principally polarized abelian variety to the product of
Jacobiang/ X1 x J X2. The trigonal covers ok, and X2 have disjoint ramification locus
and X is their common fibre product ové@!. As a consequence of this and the moduli
considerations of Section 4 we obtain the following consequence which seems of interest
to us and for which we could not find a different proof:

Corollary (of Theorems 4.1 and 5.2)et X; and X be trigonal curves with simple rami-
fication and disjoint branching and & denote their fibre product ové with projections
fi : X — X;. ThenX is a smooth projective curve and the map+ f5: J X1 x J X, —

J X is an embedding.
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