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Abstract

We propose a new approach to the multiplication of Schubert classes k-theory of the flag
variety. This extends the work of Fomin and Kirillov in the cohomology case, and is based on the
quadratic algebra defined by them. More precisely, we defirtheoretic versions of the Dunkl
elements considered by Fomin and Kirillov, show that they commute, and use them to describe the
structure constants of thié-theory of the flag variety with respect to its basis of Schubert classes.

0 2004 Elsevier Inc. All rights reserved.

1. Introduction

An important open problem in algebraic combinatorics is to describe combinatorially
the structure constants for the cohomology of the flag vafiéty(that is, the variety of
complete flagg0=VoCc Vs C--- C V,_1 C V, = C" in C") with respect to its basis
of Schubert classes. These structure constants are knowittlegzood—Richardson co-
efficients a subset of them, consisting of the structure constants for the cohomology of
a Grassmannian, are described by the classical Littlewood—Richardson rule. Fomin and
Kirillov [2] proposed a new approach to the Littlewood—Richardson problendifoiFl,, )
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based on a certain algebra with quadratic relations that they defined. In this paper, we
extend Fomin and Kirillov's approach to thé-theory ofFl,,.

It is well known that the integral cohomology ring*(Fl,,) and the Grothendieck
ring KO(Fl,) are both isomorphic t&[x1, ..., x,1/1,, wherel, is the ideal generated
by symmetric polynomials iy, ..., x, with constant term 0. In the cohomology case,
the elements; are identified with the Chern classes of the dual line bundlgsvhere
L; :=V;/V;_1 are tautological line bundles. In tHé-theory case, we identify; with the
K -theory Chern class X 1/y; of the line bundleL}, wherey; :=1/(1— x;) representg,;
in the Grothendieck ring.

One can define natural bases f&i(Fl,) and K°(Fl,) (over Z) based on the CW-
complex structure ofFl, given by the (oppositechubert varietiesThese are varieties
Xy, Which are indexed by permutatiomsin S,, and which have complex codimension
[(w) (that is, the number of inversions im). More precisely, if we think ofl,, asSL, /B,
we letX,, := B~wB/B, whereB and B~ are the subgroups &L, consisting of upper
and lower triangular matrices. Ti8chuberandGrothendieck polynomiaisdexed byw,
which are denoted b, (x) and &, (x), are certain polynomial representatives for the
cohomology and -theory classes correspondingXq,. These classes, which are denoted
by o, andw,,, form the mentioned natural bases ¢ (Fl,,) and K°(Fl,,). Schubert and
Grothendieck polynomials were defined by Lascoux and Schitzenberger [4,5], and were
studied extensively during the last two decades [3,6,8,10,11].

Both the Schubert polynomial$,,(x) and the Grothendieck polynomiats, (x), for
w in Seo, form bases oF[x1, x, .. .]; hereSs :=J, S, under the usual inclusiof}, —
S,+1. Hence we can write

G ()G, ()= Y dhGukx), B8, = > ch®,).
w: L(w)=I(u)+I(v) w: [(w) > (u)+ (v)

The notation is consistent since the structure constants corresponding to Schubert poly-
nomials, which are known to be nonnegative for geometric reasons, are a subset of the
structure constants corresponding to Grothendieck polynomials.

The simplest multiplication formula for Schubert polynomialslisnk’s formula which
can be stated as follows:

G == Y Gy, @+ Y Gy () (1.1)
1<i<p i>p
1(wtip)=1(v)+1 L(vtpi)=l(v)+1

herez;; is the transposition of, j, andv is an arbitrary element o§.. In fact, Monk’s
formula expresses the product®f (x) with a Schubert polynomial indexed by an adjacent
transposition, which is equivalent to (1.1).

Similar formulas for Grothendieck polynomials were derived in [7]. Define the set
IT,(v) to consist of all permutations

w= vtil]’ t tirptpir+l T tPir+s’
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