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Abstract

We construct a family X,) of reflexive Banach spaces with long (countable as well as un-
countable) transfinite bases but with no unconditional basic sequences. The method we introduce
to achieve this allows us to considerably control the structure of subspaces of the resulting
spaces as well as to precisely describe the corresponding spaces on non-strictly singular oper-
ators. For example, for every pair of countable ordinglg, we are able to decompose every
bounded linear operator front, to Xz as the sum of a diagonal operator and an strictly sin-
gular operator. We also show that every finite-dimensional subspace of any mé&mioérour
class can be moved by and{4)-isomorphism to essentially any region of any other member
X; or our class. Finally, we find subspack¥sof X, such that the operator spagkX, X,) is
quite rich but any bounded operatdr from X into X is a strictly singular pertubation of a
scalar multiple of the identity.
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0. Introduction

The original motivation for this paper is based on the natural question left open by
the Gowers—Maurey solution of the unconditional basic sequence problem for Banach
spaceq12]. Recall that Gowers and Maurey have constructed a Banach 3padth
a Schauder basié,), but with no unconditional basic sequence. Thus, while every
infinite dimensional Banach space contains a sequéngg which forms a Schauder
basis for its closure’ = (x,),, meaning that every vector &f has a unique represen-
tation ), a,x,, one may not be able to get suck,), such that the sumg_, a,x,
converge unconditionally whenever they converge. The fundamental role of Schauder
basis and the fact that the notion is very much dependent on the order lead to the
natural variation of the notion, the definition of transfinite Schauder basis, -,
where vectors ofX have a unique representations as suE§<7 azxy. In fact, as it
will be clear from some results in this paper, considering a transfinite Schauder ba-
sis, even if one knows thaX has an ordinary Schauder basis, can be an advantage.
Thus, the natural question which originated the research of this paper asks whether
one can have Banach spaces with long (even of uncountable length) Schauder bases
but with no unconditional basic sequence. There is actually a more fundamental reason
for asking this question. As noticed originally by W. B. Johnson, the Gowers—Maurey
spaceX is hereditarily indecomposable which in particular yields that the space of
operators onX is very small in the sense that every bounded linear operatoK on
can be written aslldy + S, where S is a strictly singular operator. On the other
hand, if X has a transfinite Schauder basis),-, of length, say,y = ®?, it could
no longer have so small an operator space as projections on infinite intésyals;
are all (uniformly) bounded. Thus one would like to find out the amount of control
on the space of non-strictly singular operators that is possible in this case. In fact, our
solution of the transfinite variation of the unconditional basic sequence problem has
led us to many other new questions of this sort, has forced us to introduce several
new methods to this area, and has revealed several new phenomena that could have
been perhaps difficult to discover by working only in the context of ordinary Schauder
bases.

To see the necessity for a new method we repeat that our first goal here is to
construct a Banach spac¥®,, with a transfinite Schauder basig,)y<w, With no
unconditional basic sequence as well as to understand its separable initial segments
X, = (es)a<y. The original Gowers—Maurey method for preventing unconditional basic
sequences is to force the unconditional constants of initial finite-dimensional subspaces,
according to the fixed Schauder basis, grow to infinity. Since initial finite-dimensional
subspaces according to our transfinite Schauder Bagis.,, are far from exhausting
the whole space, their method will not work here. It turns out that in order to impose
the conditional structure on our spacef) (y<w1) we needed to import a tool from
another area of mathematics, a rather canonical semi-distance fupctiorthe space
w1 of all countable ordinal§26]. What ¢ does in our context here is to essentially
identify the structure of finite-dimensional subspaces of vari@ius which globally
are of course very much different, since for examgplg is hereditarily indecomposable
while, say,X,> has a rich space of non-strictly singular operators.
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