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Abstract

It is shown that transition measures of the stochastic Navier–Stokes equation in 2D converge
exponentially fast to the corresponding invariant measures in the distance of total variation.
As a corollary we obtain the existence of spectral gap for a related semigroup obtained by
a sort of ground state transformation. Analogous results are proved for the stochastic Burgers
equation.
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1. Introduction

In this paper we study ergodic behaviour of two important equations arising in
Statistical Physics: the stochastic Burgers equation and the stochastic Navier–Stokes
equation in 2D. In both cases we assume that the random forcing is correlated in
space and white in time. The problem of ergodicity and the rate of convergence to
invariant measure in various norms for those two equations was an object of intense
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research in recent years. In the paper[15] the existence and uniqueness of invariant
measure for the stochastic Navier–Stokes equation in 2D was proved in the case when
the random force is sufficiently close to the space–time white noise. The exponential
rate of convergence of transition measures to the invariant measure� of the stochastic
Navier–Stokes equation was proved for the first time in [1] for�-almost every initial
condition and subsequently for every square integrable initial condition in [24,27] (see
also [10]). In all these papers various versions of coupling technique were applied
to prove the convergence properties in metrics equivalent to the topology of weak
convergence of measures (or an intermediate metric, cf. [27]). The coupling method
proved also to be useful to handle random forces which are degenerated in space.
Uniqueness of invariant measure for the Navier–Stokes equation perturbed by finite-
dimensional Wiener process, has been proven in a recent paper [19], see also [18].
Interesting results on the regularity of the law of the finite dimensional projection of
the solution at timet > 0 were obtained in [20]. Let us note also that similar result
were obtained for the forcing consisting of a sequence of random excitations arising
in discrete moments of time (random kicks), see e.g. [23].
In this work we continue the approach initiated in [15] assuming that the random

force is sufficiently nondegenerate. In particular, we are using results of [3,9,11,12],
where the strong Feller property and irreducibility have been proven in an appropriately
chosen state space for particular cases of the stochastic Navier–Stokes equation and
stochastic Burgers equation. Our main result may be described as follows. Let{u(t, �) :
t�0, � ∈ O} be a solution to either the stochastic Navier–Stokes equation (in which
caseO is a bounded domain inR2) or a solution to the stochastic Burgers equation
(and thenO = (0,1)) and let � be the corresponding invariant measure. Then for
any initial distribution� of the L2(O)-valued random variableu(0, ·) the probability
distributionP ∗

t � of the random variableu(t, ·) enjoys the property

‖P ∗
t � − �‖var�‖P ∗

t � − �‖V �Ce−�t‖�‖V , (1.1)

where ‖ · ‖var denotes the norm of total variation of measures and‖�‖V stands for
the norm of total variation of the measureV d� considered onL2(O). The function
V : L2(O) → [1,∞) in (1.1) is an appropriate Lyapunov function. A class of functions
V for which (1.1) holds is also provided and shown to includeV (x) = 1+ |x|p

L2 (for

p > 0) and V (x) = exp(|x|2�
L2) (for � ∈ (0,1)). Finally, we derive from (1.1) the

spectral gap property of theV -transform(P Vt )

P Vt �(x) = V −1(x)E(V (u(t, ·))�(u(t, ·)))
of the semigroup(Pt ). Namely, we show that for� ∈ Lp(H, V �), p ∈ (1,∞)∫

L2

∣∣∣∣PVt � − V −1
∫
L2

�V d�

∣∣∣∣
p

V d��Cpe−�t/p
∫
L2

|�|pV d�. (1.2)

Exponential convergence to the invariant measure in the distance of total variation
and the spectral gap property (1.2) seem to be new for both equations studied in this
paper. The main idea of the proof consists in verifying theV -uniform ergodicity for a
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