Available online at www.sciencedirect.com

SCIENCE DIRECT?® JOURNALOF

@ PURE AND

E _ APPLIED ALGEBRA
ELSEVIER Journal of Pure and Applied Algebra 201 (2005) 17-24

www.elsevier.com/locate/jpaa

A note on the Rees algebra of a bipartite graph

Isidoro Gitler, Carlos Valencia, Rafael H. Villarréal

Departamento de Matematicas, Centro de Investigacion y de Estudios Avanzados del IPN, Apartado Postal
14-740, DF 07000 México City, Mexico

Received 1 March 2002; received in revised form 2 July 2002
Available online 1 February 2005

Dedicated to Prof. Wolmer Vasconcelos on the occasion of his 65th birthday

Abstract

Let R = K[x1, ..., x,] be a polynomial ring over a field and letl be an ideal oR generated by
asetx™, ..., x* of square-free monomials of degree two such that the g@&apefined by those
monomials is bipartite. We study the Rees algel(d) of I, by studying both the Rees coffe..«/’
generated by the set’ ={eq, ..., en, (21, 1), ..., (24, )} and the matrixC whose columns are the
vectors inc/’. It is shown thaC is totally unimodular. We determine the irreducible representation of
the Rees cone in terms of the minimal vertex cover&.cfhen we compute thainvariant of Z(1).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

LetR=K|[x1, ..., x,] be a polynomial ring over a field and letG be a bipartite graph
with vertex setV = V(G) ={v1, ..., v,} and edge sek = E(G). Theedge ideabf G is
the square-free monomial ideal Rfgiven by

I =1(G) = ({x;x;|{v;, v;} is an edge 0lG}) C R,
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and theRees algebraf | is theK-subalgebra:

A(I) = K[{x;x;t|v; is adjacent taw;} U {x1, ..., x,}]1 C R[t],
wheret is a new variable. Consider the set of vectors

oA ={ei +ej +eni1]v; is adjacent ta;} U feq, ..., e,} € R

whereg; is theith unit vector. Here we stud¥ (1) by looking closely at the matri€ whose
columns are the vectors i#’. One of our results proves th@tis totally unimodular. Then
as a consequence we derive that the presentation ide&llofis generated by square-free
binomials. As another consequence we give a simple proof of the facZtliais a normal
domain([7].

We are able to determine the irreducible representation of the polyheialcon& .o/’
generated by/’, see Corollary 4.3. This turns out to be related to the minimal vertex covers
of the graphG and yields a description of the canonical moduleiif ).

By assigning de@:;) = 1 and de¢r) = —1, the Rees algebr# (1) becomes a standard
gradedK-algebra, i.e., it is generated a¥aalgebra by elements of degree 1. Another of
our results proves that theeinvariant of (1), with respect to this grading, is equal to
—(fo + 1), wheref is the independence number®f In order to compute this invariant
we use the irreducible representatiorfof.c/’ together with a formula of Danilov—Stanley
for the canonical module a®(1).

2. Preliminaries

Let F={x", ..., x%} be asetof monomials &fand letA = (g;;) be the matrix of order
n x g whose columns are the vectors . . ., o,. We say that the matri& is unimodularif
all its nonzero- x r minors have absolute value equal to 1, wheiethe rank ofA.

Recall that the monomial subrinj[F] C R is normalif K[F]= K[F], whereK[F]
is the integral closure oK [F1] in its field of fractions. The following expression for the
integral closure is well known:

K[Fl=K[{x%a e Z N Ry}, (1)

whereZ .o/ is the subgroup spanned by andR .7 is thepolyhedral conegenerated by
o ={o, ..., o)

q
R+&/ = {Z a; oy

i=1

a;i € Ry foralli}.

Here R, denotes the set of nonnegative real numbers.[38%and[12, Chapter 7for
a thorough discussion of the integral closure of a monomial subring and how it can be
computed. For the related problem of computing the integral closure of an affine domain
see[9,10].

The next result was shown [id] if Ais the incidence matrix of a bipartite graph and it
was shown i8] for generalA. The proof below, in contrast to that [#], is direct and does
not make any use of Grébner bases techniques.
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