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Abstract

In this work we provide a possible definition for the gap sequence at a point of a compact Klein
surface in an attempt to generalize the notion of Weierstrass gap sequence at a point of a compact
Riemann surface. We obtain some results about the properties of these gap sequences and use them
to study theGn sets consisting of the points which haven as its first non-gap. We prove that these
sets are invariant under the action of the automorphisms of the surface. We show that there are Klein
surfaces of arbitrary genus such that the setG1 is non-empty (if this is the case, it is a semialgebraic
subset of real dimension one). If a surface has this property, then it must be hyperelliptic. In this case,
we find that the topology of the setsGn determine the topological type of the surface.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In this work we studyWeierstrass points on compact symmetric Riemann surfaces and the
Klein surfaces obtained as a quotient of them. The set of Weierstrass points is an interesting
object of study because of its good properties; for example, every automorphism ofXmaps
injectively the set of Weierstrass points onto itself.

We recall some basic facts about Weierstrass points in Section 2; most of them appear in
[5]. In Section 3 we introduce the double covering of a Klein surface and the affine plane
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model of a hyperelliptic Klein surface, which will be very useful later (more information
about Klein surfaces can be found, for example, in[1,3]).

In Section 4 we study the gap sequence at a point of a Klein surface, and in Sec-
tion 5 we use our previous results to distinguish some marked sets in a hyperelliptic
Klein surface. The topological characteristics of these sets allow us to determine the
topological type of the surface. We also prove a result which gives us information about
the action of an automorphism on the set of Weierstrass points on the boundary of the
surface.

2. Weierstrass points

We fix all throughout this section a compact Riemann surfaceXof genusg�0. LetM(X)

denote the field of meromorphic functions onX.

Definition 2.1. Let P ∈ X andn ∈ N. A meromorphic function onXwith a pole of order
natPand no other poles inXwill be called (following the notation used by Lewittes in[7])
a function atn(P ).

The Weierstrass gap Theorem describes, for a pointP ∈ X, the nature of the set of
positive integersn such that there exists a function atn(P ). In fact:

Theorem 2.2(Weierstrass gap Theorem). Let X be a compact Riemann surface of genus
g�1andP ∈ X.Then, there are precisely g integers1= �1< �2< · · ·< �g <2g such that
there exists a function atn(P ) if and only ifn /∈�(P )= {�1, . . . , �g}.

The set�(P ) = {�1, . . . , �g} is called thegap sequenceatP. The integers�i are called
thegapsatP. An integer inN\�(P ) is called anon-gapatP. A point P is aWeierstrass
point if �(P ) �= {1,2, . . . , g}.

If X is a compact Riemann surface of genusg�2, then the setW of Weierstrass points
onX is finite. Moreover, 2g + 2� |W |�g3 − g. The lower bound is attained if and only if
X is hyperelliptic.

The Weierstrass gap Theorem can be obtained as a corollary of the Noether gap Theorem,
which we will need later. To introduce it, we have to use the language of divisors. Adivisor
onX is a formal symbol

D =
∑
P∈X

DP · P

with DP ∈ Z andDP �= 0 for only finitely manyP ∈ X. Divisors onX form an abelian
group under pointwise addition. In fact, they constitute the free abelian group on the set of
points ofX.

For a divisorD onX, theC-vector space of meromorphic functions with poles bounded
by D, which we will denote byLX(D) (or simply byL(D) if X is understood), is the set of
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