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Abstract

We study the existence and non-existence of solutions of the problem

{−�u + eu − 1= µ in Ω,

u = 0 on∂Ω,
(0.1)

whereΩ is a bounded domain inRN , N � 3, andµ is a Radon measure. We prove that ifµ � 4πHN−2, then (0.1) has a
unique solution. We also show that the constant 4π in this condition cannot be improved.
 2005 Elsevier SAS. All rights reserved.

Résumé

Nous étudions l’existence et la non existence des solutions de l’équation

{−�u + eu − 1= µ dansΩ,

u = 0 sur∂Ω,
(0.2)
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oùΩ est un domaine borné dansR
N , N � 3, etµ est une mesure de Radon. Nous démontrons que siµ vérifieµ � 4πHN−2,

alors le problème (0.2) admet une unique solution. Nous montrons que la constante 4π dans cette condition ne peut pas être
améliorée.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

Let Ω ⊂ R
N , N � 2, be a bounded domain with smooth boundary. We consider the problem{−�u + eu − 1= µ in Ω,

u = 0 on∂Ω,
(1.1)

whereµ ∈ M(Ω), the space of bounded Radon measures inΩ . We say that a functionu is a solution of (1.1) if
u ∈ L1(Ω), eu ∈ L1(Ω) and the following holds:

−
∫
Ω

u�ζ +
∫
Ω

(eu − 1)ζ =
∫
Ω

ζ dµ ∀ζ ∈ C2
0( �Ω). (1.2)

HereC2
0( �Ω) denotes the set of functionsζ ∈ C2( �Ω) such thatζ = 0 on∂Ω . A measureµ is agood measurefor

problem (1.1) if (1.1) has a solution. We shall denote byG the set of good measures. Problem (1.1) has been recently
studied by Brezis, Marcus and Ponce in [1], where the general case of a continuous nondecreasing nonlinearity
g(u), with g(0) = 0, is dealt with. Applying Theorem 1 of [1] tog(u) = eu −1, it follows that for everyµ ∈M(Ω)

there exists a largest good measure� µ for (1.1), which we shall denote byµ∗.
In the caseN = 2, the set of good measures for problem (1.1) has been characterized by Vázquez in [9]. More

precisely, a measureµ is a good measure if and only ifµ({x}) � 4π for everyx in Ω . Note that anyµ ∈ M(Ω)

can be decomposed as

µ = µ0 +
∞∑
i=1

αiδxi
,

with µ0({x}) = 0 for everyx in Ω , andδxi
is the Dirac mass concentrated atxi . Using Vázquez’s result, it is not

difficult to check that (see [1, Example 5])

µ∗ = µ0 +
∞∑
i=1

min{4π,αi} δxi
.

This paper is devoted to the study of problem (1.1) in the caseN � 3. First of all, let us recall that ifµ is a good
measure, then (1.1) has a unique solutionu (see [1, Corollary B.1]). This solution can be either obtained as the
limit of the sequence(un) of solutions of{−�un + min{eun − 1, n} = µ in Ω,

un = 0 on∂Ω,

or as the limit of a sequence(vn) of solutions of{−�vn + evn − 1= µn in Ω,

vn = 0 on∂Ω,
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