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Abstract

This paper addresses the construction of wavelet frasas application of the modern theory of singular inte-
grals. The continuous wavelet inversion formula (Calderdn reproducing formula) may be viewed as the action of
a Calderon—-Zygmund singular integral operator. Waviglene operators arise as Riemann sum approximations
of these singular integrals. When the analyzing and synthesizing functions are smooth and have a vanishing mo-
ment, boundedness of the approximations is a simple natapplying, for example, the Cotlar lemma. Here we
investigate the situation when only one of the analyzpgthesizing pair has a vanishing moment. The dyadic
discretizations are no longer automatically bounded. We show how thetheorem may be used to find crite-
ria under which boundedness and invertibiiye ensured. Parallels between these ideas and the frame criteria of
Daubechies and Ron—Shen are also discussed.
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1. Introduction and main results

Given a function¢ on the line and real numbers> 1, s > 0, we define the action of the dilation
operatorD, and translation operatdi, on¢ by D,¢(x) = r/2¢(rx), Ty¢(x) = ¢(x —s). Whenr =2,
s =1, wewriteD, =D, T, = T. These operators play a central role in the theory of affine frames, and
also in the theory of singular integral operators. The dilation and translation operators may be iterated
and composed to obtain functiogg,(x) = D*T‘¢(x) = r*/2¢(r*x — s¢). The pair(r, s) generates a
meshA = A" in the upper half-plané/ = R? =R x R, defined byA"") = {(str=*, r7%); k, € € Z}.

When constructing affine frames, it is standard practice to considertilgsis operatord, which
takes a signaf € L2(R) to the doubly-indexed sequentéy)i.(f) = (f, die) = [ o, fOr*2¢(rkx —
st)dx (k,¢ € Z). Wheng e L?(R), these inner products are well defined, but we will further restrict
attention to the case wherk, : L?(R) — ¢2(Z?) is bounded. In this case we may consider the adjoint
operatorS, = A} :€%(Z?) — L*(R) (the synthesis operatyr which maps a sequence= {a} to the
function (Spa) (x) = > 77— axePre(x). The collection{ey}zo,— . is aframefor L3(R) whenA, sat-
isfies theframe estimates

A||f||L2(R) < ||A¢f||62(Z2) < B||f||L2(R) (1)

for constants < A < B < oo. The constantst and B are theframe boundsThe upper bound in (1)
ensures the boundednessAyf while the lower bound gives the boundedness of its inverse. In this case,
thediscrete sum operatdP, = S, o A4 is bounded or.2(R) with bounded inverse and eaghe L%(R)
admits theérame expansion
oo
f=DyoD, f= > (f.D,'DIT ¢)DIT 9,
k,f=—00

where we have used the self-adjointnessPgf The inverseD(;1 is often computable via a Neumann
series.
Wheng, ¥ € L?(R) andA,, A, satisfy (1), we define

o]

ng)f:SWOA(bf: Z (f, Dfng¢>DfoW-

k,{=—00

When the mesh parametdrss) are fixed we will often write jusD,,, for ng). WhenDy, is invertible,

eachf e L?(R) admits the expansion

f=DyyoDyif = ) (f.DyyDiTi$)DIT Y, 2)
k,{=—00
where we have used the fact thaf,, = Dy,. The expansion (2) remains valid when the rolespof
and vy are interchanged. This approach, requiring as it does the boundednagsaofi A,,, requires
both¢ andv to have a vanishing moment, i.¢.¢ = [ ¥ = 0 wheng andy are also integrable.
The approach taken in this paper is slightly different. We focus on the compo8liijpn= S, o Ay
rather than the individual operatoss, andS,,. The theory of singular integral operators agerators
of Cotlar typecan be brought to bear on the analysisTgf, from which norm estimates are explicitly
calculable. It is not our purpose here to review the role of Calderén—Zygmund theory in the analysis
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