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Abstract

Let ¢ be a compactly supported symmetric real-valued refinable functidip{iR) with a finitely supported
symmetric real-valued mask ¢h Under the assumption that the shiftsgoéire stable, in this paper we prove that
one can always construct three wavelet functighsy 2, andy2 such that

(i) All the wavelet functionsy®, v2, andy are compactly supported, real-valued and finite linear combinations
of the functionsp(2- —k), k € Z;
(i) Each of the wavelet functiong?®, 2, andy2 is either symmetric or antisymmetric;
(i) {v1, ¥2, ¢3) generates a tight wavelet framelin(R), that is,

3
1= SR wh P VS € L),

t=1jeZ kel

Wherelﬁfgk =212yt 21 . —k),£=1,2,3andj, k € Z;
(iv) Each of the wavelet functiong®, ¥2, and 2 has the highest possible order of vanishing moments, that

is, its order of vanishing moments matches the order of the approximation order provided by the refinable
functiong.
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We shall give an example to demonstrate that the assumption on stability of the refinable fgnctionot be
dropped. Some examples of symmetric tight wavelet frames with three compactly supported real-valued symmet-
ric/antisymmetric generators will be given to illustrate the results and construction in this paper.
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1. Introduction and motivation

Orthonormal wavelets and their various generalizations have been extensively studied in the litera-
ture and they have been successfully applied to many applications such as image processing and signal
denoising [1-24]. In this paper, we are particularly interested in tight wavelet frames that are derived
from refinable functions via a multiresolution analysis. A tight wavelet frame is a generalization of an
orthonormal wavelet basis by introducing redundancy into a wavelet system. Tight wavelet frames have
some desirable features, such as near translation invariant wavelet frame transforms, and it may be easier
to recognize patterns in a redundant transform. For advantages and applications of tight wavelet frames,
the reader is referred to [1-5,8-15,18,20-24] and many references therein.

Before proceeding further, let us recall some basic definitions. We say that{gset., "} of
functions inL,(R) generates a (normalizetiyht wavelet framén L,(R) if

1A= 33wt vF e Lo, (1.1)

(=1 jeZ kel

with y¢, .= 2772y 42 . —k), and where(f,g) := [, f(x)g(x)dx and | f|? := (f. f). The set
(vt ...,y¥"} is called a set of generators for the corresponding tight wavelet frames. denote the
Dirac sequencesuch thats, = 1 ands, = 0 for all k € Z \ {0}. Suppose thaty/!, ..., "} generates a
tight wavelet frame inL,(R). Then{y!, ..., ¥} generates an orthonormal wavelet basid.iiR) if
and only if (., ¥ ) = 8_¢8;_ 8w forall €, ¢/ =1,....r and j, j', k., k' € Z (or, if and only if

Il = =|¥"|| =1). It follows directly from (1.1) that any functiorf € L»(R) has the wavelet
expansion
f= ZZ Z(f, Wfk) fk
(=1 jeZ kel

In order to have a fast wavelet frame transform, tight wavelet frames are generally derived from refin-
able functions via a multiresolution analysis. A functigns called arefinable functionf it satisfies the
refinement equation

=23 ap2-—k), (1.2)

keZ
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