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Abstract

Using results from integral geometry, we find inequalities involving mean curvature integrals of convex hyper-
surfaces in hyperbolic space. Such inequalities generalize the Minkowski formulas for euclidean convex sets.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction and results

In hyperbolic space the following isoperimetric-like inequality is well known (cf.[1])

(1)vol(∂Q) > (n − 1)vol(Q)

for any convex domainQ ⊂ H
n. This shows a strong contrast with euclidean geometry where these two

volumes cannot belinearly compared, since for instance they are affected differently by homothetical
transformations ofQ. Indeed, the isoperimetric inequality in euclidean space is

(2)
(
vol(∂Q)

)n � c
(
vol(Q)

)n−1
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for a constantc. More generally, the Minkowski inequalities for euclidean convex domainsQ take the
form

(3)
(
Wr(Q)

)s
> c

(
Ws(Q)

)r
, r > s,

whereWi are the so-calledQuermassintegralewhose definition is recalled a few lines below. Again,
the exponents correct the different dimensions of the magnitudes, and again this will not be necessary in
hyperbolic space. Indeed, the aim of this paper is to generalize(1) by findinglinear geometric inequalities
for convex domains in hyperbolic space analogue to (3). Before, let us recall how the Quermassintegrale
of an euclidean convex domain are defined in the frame of integral geometry

Wr(Q) = (n − r) · On−1

n · On−r−1 · vol(G(n − r, n))

∫
G(n−r,n)

voln−r

(
πV (Q)

)
dV,

whereπV is the orthogonal projection onto the(n− r)-dimensional linear subspaceV , and dV is the nat-
ural (invariant) measure in the Grassmannian of such subspaces. Here and in the followingOi = vol(Si ).
Alternatively, the Quermassintegrale are, up to constants, the measure of the set of affine subspaces in-
tersecting the convex body (cf.[2]). Namely,

(4)Wr(Q) = (n − r) · Or−1 · · ·O0

n · On−2 · · ·On−r−1

∫
Lr

χ(L ∩ Q)dL,

whereLr is the space ofr-dimensional affine subspacesL, endowed with its natural (invariant) measure
dL. Here and in the following the functionχ is just given byχ(Q) = 1 wheneverQ �= ∅, andχ(∅) = 0.
In case that∂Q is C2-differentiable, the Quermassintegrale coincide with thetotal mean curvaturesof
the boundary

Wr(Q) = nMr(∂Q) := n

∫
∂Q

σr(x)dx,

whereσr and dx are respectively ther th mean curvature and the volume element of∂Q.
Therefore, in order to generalize(3), the first point is to clarify the notion of Quermassintegrale for

hyperbolic convex domains. It is easy to see that the average of the projections onto geodesic subspaces
by some origin, depends on the choice of this origin. However, one can take(4) as a definition. For a
(geodesically) convex domainQ ⊂ H

n we define

Wr(Q) := (n − r) · Or−1 · · ·O0

n · On−2 · · ·On−r−1

∫
Lr

χ(L ∩ Q)dL,

whereLr is the space ofr-dimensional totally geodesic subspacesL ⊂ H
n, and dL is the natural (invari-

ant) measure on it (cf.[2]). As in the euclidean case we takeW0(Q) = vol(Q), andWn(Q) = On−1/n.
With these definitions, the Quermassintegrale do not coincide with the total mean curvatures, but they
are closely related (cf.[11])

(5)Mr(∂Q) = n

(
Wr+1(Q) + r

n − r + 1
Wr−1(Q)

)
.

Therefore we are concerned with inequalities between Quermassintegrale, and also between total mean
curvatures. The main results are the following.
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