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Abstract

We construct some natural metric connections on metric contact manifolds compatible with the contact structure
and characterized by the Dirac operators they determine. In the case of CR manifolds these are invariants of a fixed
pseudo-hermitian structure, and one of them coincides with the Tanaka–Webster connection.
 2005 Elsevier B.V. All rights reserved.
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Introduction

This work has its origin in our attempt to better understand the nature of Seiberg–Witten monopoles
on contact 3-manifolds. The main character of this story is a metric contact manifold(M,g,η, J ), where
g is a Riemann metric, andη is a contact form andJ is an almost complex structure onV := kerη such
that

g(X,Y ) = dη(X,JY ), ∀X,Y ∈ C∞(V ).
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We are interested in the local differential geometry of such a manifold and in particular, we seek “natural”
connection in the tangent bundleT M .

Gauge theory suggests that a “natural” connection ought to be compatible withg and J . We will
refer to these asmetric contact connections. These requirements alone still leave open a wide range of
choices. On the other hand such manifolds are also equipped with some natural elliptic partial differential
operators. For the simplicity of the exposition assumeM is equipped with aspinstructure with associated
complex spinor bundleS. Every metric connection∇ onM induces a Dirac type operator

D(∇) :C∞(S) → C∞(S).

A metric connection∇ is calledbalancedif D(∇) is symmetric. Two connections∇ i , i = 0,1, will be
calledDirac equivalentif D(∇0) = D(∇1). The first question we address in this paper is the existence
of a metric contact connection Dirac equivalent with the Levi-Civita connection.

On the other hand, a metric contact manifold is equipped with a natural elliptic, first order operatorH
resembling very much the Hodge–Dolbeault operator on a complex manifold (see Section3.3 for more
details). This operator acts on the sections of the complex spinor bundleSc associated to the canonical
spinc structure determined by the contact structure. A metric contact connection∇ induces a (geometric)
Dirac operatorDc(∇) onC∞(Sc).

The second question we address in this paper concerns the existence of a metric contact connection∇
such thatDc(∇) = H. We say that such a connection isadapted toH.

To address these questions we rely on the work P. Gauduchon (see[4] or Section2.1), concerning
hermitian connections on almost-hermitian manifolds. More precisely, to implement Gauduchon’s results
we will regardM as boundary of certain (possible non-complete) almost hermitian manifolds. We will
concentrate only on two cases frequently arising in gauge theory.

• The symplectizationM̃ = R+ × M with symplectic formω = d̂(tη), metric g̃ = dt2 + η⊗2 + tg|V ,
and almost complex structurẽJ .

• The cylinderM̂ = R × M with metric ĝ = dt2 + g and almost complex structurêJ defined by
Ĵ ∂t = ξ , Ĵ |V = J .

To answer the second question we use the cylinder case and a certain natural perturbation of the first
canonical connection on(T M̂, ĝ, Ĵ ). This new connection onT M̂ preserves the splittingT M̂ = R∂t ⊕
T M and induces a connection onT M with the required properties (see Section3.1). Moreover, whenM
is a CR manifold this connection coincides with the Tanaka–Webster connection,[10,13].

To answer the first question we use the symplectizationM̃ and a natural perturbation of the Chern
connection onT M̃ . We obtain a new connection oñM whose restriction to{1} × M is a contact connec-
tion (see Section3.4). WhenM is CR this contact connection is also CR, but it never coincides with the
Tanaka–Webster connection. We are not aware whether this contact connection has been studied before.

Theorem. (a) On any metric contact manifold there exists abalanced contact connectionadapted toH
and abalanced contact connectionDirac equivalent to the Levi-Civita connection. If the manifold is CR
these connections are also CR.

(b) On a CR manifold each Dirac equivalence class of balanced connections contains at most one CR
connection. Moreover, the Tanaka–Webster connection is the unique balanced CR connection adapted
to H.
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