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Abstract

In this paper, we prove a strong convergence theorem for relatively nonexpansive mappings in a
Banach space by using the hybrid method in mathematical programming. Using this result, we also
discuss the problem of strong convergence concerning nonexpansive mappings in a Hilbert space and
maximal monotone operators in a Banach space.
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1. Introduction

LetEbe a smooth Banach space and letE∗ be the dual ofE. The function� :E×E → R
is defined by

�(y, x) = ‖y‖2 − 2〈y, Jx〉 + ‖x‖2

for all x, y ∈ E, whereJ is the normalized duality mapping fromE to E∗. Let C be a
closed convex subset ofE, and letT be a mapping fromC into itself. We denote byF(T )
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the set of fixed points ofT. A point p in C is said to be an asymptotic fixed point of
T [13] if C contains a sequence{xn} which converges weakly top such that the strong
limn→∞ (xn− T xn) = 0. The set of asymptotic fixed points ofTwill be denoted byF̂ (T ).
A mappingT from C into itself is called nonexpansive if‖T x − Ty‖�‖x − y‖ for all
x, y ∈ C and relatively nonexpansive [3–5] if̂F(T ) = F(T ) and�(p, T x)��(p, x) for
all x ∈ C andp ∈ F(T ). Theasymptotic behavior of a relatively nonexpansivemappingwas
studied in [3–5]. On the other hand, Nakajo and Takahashi [9] obtained strong convergence
theorems for nonexpansivemappings in aHilbert space. In particular, they studied the strong
convergence of the sequence{xn} generated by




x0 = x ∈ C,
yn = �nxn + (1− �n)Sxn,
Cn = {z ∈ C : ‖z− yn‖�‖z− xn‖},
Qn = {z ∈ C : 〈xn − z, x − xn〉�0},
xn+1 = PCn∩Qnx, n = 0,1,2, . . . ,

where{�n} ⊂ [0,1], S is a nonexpansive mapping fromC into itself andPCn∩Qn is the
metric projection fromC ontoCn ∩Qn.
Motivated by Nakajo and Takahashi[9], our purpose in this paper is to prove a strong

convergence theorem for relatively nonexpansive mappings in a Banach space. Using this
result, we also discuss the problem of strong convergence concerning nonexpansive map-
pings in a Hilbert space and maximal monotone operators in a Banach space.

2. Preliminaries

LetE be a real Banach space with norm‖ · ‖ and letE∗ be the dual ofE. Denote by〈·, ·〉
the duality product. The normalized duality mappingJ fromE toE∗ is defined by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}
for x ∈ E. When{xn} is a sequence inE, we denote strong convergence of{xn} to x ∈ E
by xn → x and weak convergence byxn ⇀ x.
A Banach spaceE is said to be strictly convex if‖ x+y2 ‖ < 1 for all x, y ∈ E with ‖x‖ =

‖y‖ = 1 andx �= y. It is also said to be uniformly convex if limn→∞ ‖xn − yn‖ = 0 for
any two sequences{xn}, {yn} in E such that‖xn‖ = ‖yn‖ = 1 and limn→∞ ‖ xn+yn2 ‖ = 1.
LetU = {x ∈ E : ‖x‖ = 1} be the unit sphere ofE. Then the Banach spaceE is said to be
smooth provided

lim
t→0

‖x + ty‖ − ‖x‖
t

exists for eachx, y ∈ U . It is also said to be uniformly smooth if the limit is attained
uniformly for x, y ∈ U . It is well known that ifE is smooth, then the duality mappingJ
is single valued. It is also known that ifE is uniformly smooth, thenJ is uniformly norm-
to-norm continuous on each bounded subset ofE. Some properties of the duality mapping
have been given in[6,12,16,17]. A Banach spaceE is said to have the Kadec–Klee property
if a sequence{xn} of E satisfying thatxn ⇀ x ∈ E and‖xn‖ → ‖x‖, thenxn → x. It is
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