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Abstract

In the note, we obtain the estimates for the rate of convergence for a sequegp&enfstein
polynomials{B, 4 (f)} for 0 < ¢ <1 by the modulus of continuity df and the estimates are sharp
with respectto the order for Lipschitz continuous functions. We also get the exact orders of convergence
for a family of functionsf (x) = x*, «>0, « # 1, and the orders do not depend arunlike the
classical case.
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1. Introduction

Letg > 0. For each nonnegative intederthe g-integer[k] and theg-factorial (k]! are
defined by

k
[k];={£1‘4>/<1—q>’ Zii
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and

 J Ik =1]---[1], k=1

respectively. For the integets k, n >k >0, theg-binomial coefficients are defined by (see
[3, p. 12])

I:ni| . [n]!
k|7 [kl'n = k]

In 1997, Phillips proposed the followingBernstein polynomial®, ,(f, x) . For each
positive integen, and f € CIO0, 1], we define

n—k—1

- k
Bug(fox) =) f (%) mxk [T a-¢'n. (1.1)
k=0 s=0

where itis agreed that an empty product denotes 1 (see [6]). Wkeh, B, ,( f, x) reduce
to the well-known Bernstein polynomial, (f, x):

" k
Bu(fi) =Y f (;> <’; ) L= ok,
k=0

In recent years, thg-Bernstein polynomials have attracted much interest, and a great
number of interesting results related to taBernstein polynomials have been obtained (see
[2,5-9]). This note is concerned with the quantitative results for the rate of convergence of
theg-Bernstein polynomials for & ¢ < 1. Forf € CI[0, 1], ¢ > 0, we define the modulus
of continuity w(f, t) and the second modulus of smoothnessf, ¢) as follows:

o(f;t):= sup |f(x)—fOIl,

lx—yl <t
x,y€[0,1]

w2(f, 1) == sup sup  |f(x+2h) —2f(x +h)+ fx).
O<h <t x€[0,1-2h]

For fixedq € (0, 1), Ilinskii and Ostrovska proved in [2] that for eaghe C[O, 1], the
sequencgB, 4(f, x)} converges tdB 4 (f, x) asn — oo uniformly for x € [0, 1], where

o0 ok xk o0 s
Zk:o f(l q )(l—q)k[k]! l_[szo(l q x)v 0<X < 1a (12)
f ), x =1

The first author of the note gave the following quantitative result for the rate of conver-
gence of the-Bernstein polynomials (see [9]):

1B (f) = Boog ()l <c w2(f, Vg ) (1.3)

with || - || the uniform norm, here is an absolute constant. Note that whgep) = x2, we
have (see [9]):

Boo,q(fv x) = {

ne—
1Bn.q(f) = Boog ()l = sup Lq,,q)x(l—X) = q" < w2(f.\/q"),

xe[0,yy 1-—
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