
Journal of Approximation Theory 133 (2005) 221–237

www.elsevier.com/locate/jat

The finite section method and problems in
frame theory

Ole Christensena, Thomas Strohmerb,∗,1
aTechnical University of Denmark, Department of Mathematics, Building 303, 2800 Lyngby, Denmark
bUniversity of California, Department of Mathematics, 1 Shields Ave. Davis, CA 95616-8633, USA

Received 28 August 2003; received in revised form 17 December 2004; accepted 13 January 2005

Communicated by Zuowei Shen

Abstract

The finite section method is a convenient tool for approximation of the inverse of certain operators
using finite-dimensional matrix techniques. In this paper we demonstrate that the method is very
useful in frame theory: it leads to an efficient approximation of the inverse frame operator and also
solves related computational problems in frame theory. In the case of a frame which is localized w.r.t.
an orthonormal basis we are able to estimate the rate of approximation. The results are applied to the
reproducing kernel frame appearing in the theory for shift-invariant spaces generated by a Riesz basis.
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1. Introduction

LetH be a separable Hilbert space. A family{fk}∞k=1 of elements inH is aframefor H
if there exist constantsA,B > 0 such that

A‖f ‖2�
∞∑
k=1

|〈f, fk〉|2�B‖f ‖2 ∀f ∈ H.
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Given a frame{fk}∞k=1, the frame operator

S : H → H, Sf =
∞∑
k=1

〈f, fk〉fk (1)

is bounded and invertible, and eachf ∈ H has the representation

f =
∞∑
k=1

〈S−1f, fk〉fk, (2)

see[4,6,15]. In order to use (2) in practice, we need efficient methods to invert the frame
operator. The problemof designing finite-dimensionalmodels for approximating the inverse
frame operator leads to delicate questions of stability and convergence, cf. [5] and the
references cited therein. In this paper we demonstrate that the finite section method, when
applied properly, is very useful for this purpose.
We present the general results in Section 2. In Section 3 we apply our findings to two

important issues in the theory of shift-invariant spaces generated by a Riesz basis: namely,
inversion of the frame operator associated to the reproducing kernel frame, and reconstruc-
tion of a function from a set of sampling. Finally, in Section 4 we show that the finite
section method leads to better results in general frame theory than the Casazza–Christensen
method.
In the rest of this introduction we collect some basic facts concerning the finite section

method. Let{fk}∞k=1 be a frame for a separable Hilbert spaceH and{Hn}∞n=1 a family of
finite-dimensional subspaces ofH for which

H1 ⊆ H2 ⊆ · · · ⊆ Hn ↑ H. (3)

Let Pn denote the orthogonal projection ofH ontoHn. Our purpose is to approximate a
bounded operatorV : H → H and its inverse. The basic definition, appearing in e.g.,[10],
is as follows.

Definition 1.1. Let V : H → H be a bounded operator, and assume that for eachn ∈ N

we have given a bounded operatorVn : Hn → Hn.

(i) The sequence{Vn}∞n=1 is an approximation method for the operatorV if

VnPnf → Vf for n → ∞ ∀f ∈ H.
(ii) An approximation method is applicable if there existsn0 ∈ N such that for allf ∈ H

the equation

Vnx = Pnf (4)

has a unique solutionxn for all n�n0, andxn converges to a solution of the equation
V x = f .

(iii) The sequence{Vn}∞n=1 is stable if there existsno ∈ N such that the operatorsVn are
invertible onHn for n�n0 and

sup
n�n0

‖V −1
n Pn‖ < ∞.
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