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Abstract

The linear complexity of sequences is one of the important security measures for stream cipher systems.
Recently, in the study of vectorized stream cipher systems, the joint linear complexity of multisequences
has been investigated. By using the generalized discrete Fourier transform for multisequences, Meidl and
Niederreiter determined the expectation of the joint linear complexity of random N-periodic multisequences
explicitly. In this paper, we study the expectation and variance of the joint linear complexity of random
periodic multisequences. Several new lower bounds on the expectation of the joint linear complexity of
random periodic multisequences are given. These new lower bounds improve on the previously known
lower bounds on the expectation of the joint linear complexity of random periodic multisequences. By
further developing the method of Meidl and Niederreiter, we derive a general formula and a general upper
bound for the variance of the joint linear complexity of random N-periodic multisequences. These results
generalize the formula and upper bound of Dai andYang for the variance of the linear complexity of random
periodic sequences. Moreover, we determine the variance of the joint linear complexity of random periodic
multisequences with certain periods.
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1. Introduction

Let Fq be the finite field with q elements. Let S = (s0, s1, s2, . . .) be a sequence with terms in
the finite field Fq . The sequence S is called N-periodic if si+N = si for all i�0. The N-periodic
sequence S can be described by the N-tuple SN = (s0, s1, . . . , sN−1). Define the polynomial
corresponding to the N-periodic sequence S as

SN(x) = s0 + s1x + s2x
2 + · · · + sN−1x

N−1.

The linear complexity L(S) of an N-periodic sequence S with terms in Fq is the smallest nonneg-
ative integer c for which there exist coefficients d1, d2, . . . , dc ∈ Fq such that

sj + d1sj−1 + · · · + dcsj−c = 0 for all j �c.

Equivalently, L(S) is the degree of the polynomial

m(x) = 1 + d1x + · · · + dcx
c ∈ Fq [x].

The polynomial m(x) is called the minimal polynomial of the N-periodic sequence S. Note that
L(S) = 0 if S is the zero sequence. Obviously, we always have 0�L(S)�N . Note that if S is not
the zero sequence, then L(S) is the length of the shortest linear feedback shift register that can
generate S. For a general introduction to the theory of linear feedback shift register sequences,
we refer the reader to [8, Chapter 8] and the references therein.

The linear complexity of sequences is one of the important security measures for stream cipher
systems. The linear complexity of sequences has been extensively studied by many authors. For
a recent survey paper, see Niederreiter [16].

Recently, in the study of vectorized stream cipher systems, the joint linear complexity of mul-
tisequences has been investigated (see [1,3,14,21,22]). The multisequence shift register synthesis
with applications to decoding cyclic codes has been studied in [4,5,7,20]. Let S1, S2, . . . , St be t
N-periodic sequences with terms in Fq . Denote

Si = (si,0, si,1, si,2, . . .), i = 1, 2, . . . , t.

The joint linear complexity L(S1, S2, . . . , St ) of S1, S2, . . . , St is the least order of a linear recur-
rence relation that S1, S2, . . . , St satisfy simultaneously, i.e., the smallest nonnegative integer c
for which there exist coefficients d1, d2, . . . , dc ∈ Fq such that for i = 1, 2, . . . , t ,

si,j + d1si,j−1 + · · · + dcsi,j−c = 0 for all j �c.

Since the t-dimensional vector space Ft
q is isomorphic to the extension field Fqt as a vector space

over Fq , the given multisequence can also be identified with a single sequence having its terms
in the extension field Fqt . Meidl and Niederreiter [14] observed that the joint linear complexity
of t N-periodic sequences with terms in Fq can also be interpreted as the Fq -linear complexity
of a corresponding N-periodic sequence � with terms in Fqt , which is the least order of a linear
recurrence relation in Fq that � satisfies.

Blahut and Günther found an important relationship between the linear complexity of a periodic
sequence and the Günther weight of the generalized discrete Fourier transform for the periodic
sequence (see [9,10] for elegant accounts and extensions of their work). Meidl and Niederre-
iter [14] extended this important relationship to the case of periodic multisequences. Using the
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