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Abstract

We consider the following singularly perturbed nonlinear elliptic problem

ε2�u− u+ f (u)= 0, u>0 in �, u= 0 on ��

where the nonlinearityf is of subcritical growth and� is a bounded domain inRn. Under certain
conditions off, there exists a mountain pass solutionuε for above problem and the solution
uε exhibits a spike layer asε → 0. To see the location of the spike layer for smallε >0,
some additional assumptions, certain nondegeneracy for a limiting problem or monotonicity
of f (t)/t, have been assumed. In this paper, we characterize the location of the spike layer
without such additional assumptions forn�3.
© 2005 Elsevier Inc. All rights reserved.

1. Introduction

Let � be a bounded domain inRn with �� ∈ C2. We are interested in the following
singularly perturbed nonlinear elliptic problem on�

ε2�u− u+ f (u) = 0, u > 0 in �, u = 0 on ��. (1)
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A solution of (1) corresponds to a critical point of a functional�ε(u) = 1
2

∫
� ε

2|∇u|2+
u2 dx− ∫� F(u) dx on H 1,2

0 (�). Here,F(t) = ∫ t
0 f (s) ds. The following equation will

correspond to a limiting equation to Eq. (1) asε → 0;

�u− u+ f (u) = 0, u > 0 in Rn and lim|x|→∞ u(x) = 0. (2)

We assume that a functionf : R → R satisfies the following conditions:

(f1) f ∈ C(R,R), f (t) = 0 for t�0 and limt→0 f (t)/t = 0;
(f2) there existsp ∈

(
1, n+2
n−2

)
such that lim supt→∞ f (t)/tp <∞;

(f3) for F(t) ≡ ∫ t
0 f (s) ds, there exists� > 2 such that 0< �F(t) < f (t)t for t > 0.

Under conditions (f1)–(f3), there exists a mountain pass solutionvε of (1) which is
positive on �. Then, we can deduce from comparison principles that for a maxi-
mum point xε of vε, there exist constantsC, c > 0, independent ofε > 0 satisfying

vε(x)�C exp
(
− cdist(x,xε)

ε

)
, x ∈ �. Thus,vε exhibits a spike layer asε → 0. Then, a

natural concern is the location of the maximum pointsxε of the solutionvε for small
ε > 0. In a striking paper [12], Ni and Wei proved that

lim
ε→0

dist(xε, ��) = max
x∈�

dist(x, ��) (3)

under the following additional conditions

(f1′) f ∈ C0,1(R,R);
(f4) f (t)/t is non-decreasing on(0,∞);
(f5) for a least energy solutionU of (2), if �V −V +f ′(U)V = 0 andV ∈ H 1,2(Rn),

then,V = a1 �U
�x1

+ · · · + an �U
�xn

for somea1, . . . , an.

In an interesting paper [5], del Pino and Felmer showed that the asymptotic behaviour
(3) can be obtained in a simple manner even without conditions (f1′) and (f5). Their
approach in [5] depends strongly on the monotonicity condition (f4). In this paper,
developing further the approach in [5], we will prove the asymptotic behaviour (3) in
the case ofn�3 without condition (f4). Thus, we need just conditions (f1)–(f3) to
show the asymptotic behaviour (3). One of basic ideas in [5] is to consider a pass
tu, t ∈ (0,∞) for eachu ∈ H 1,2

0 (�); a function g(t) = �ε(tu) has only maximum
critical points on(0,∞) when (f4) holds. We can say that a pass{tu|t ∈ [0,∞)} is
made by deforming the range ofu. A main idea or a different view point with [5] in
this paper is to deform the domain ofu instead of the range ofu.
This paper is organized as follows. In Section 2, defining some necessary terms, we

state our main result. Then, we prepare some preliminary results for the proof of the
main result in Section 3. Lastly, in Section 4, we prove our main result.
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