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Abstract

Let (E,F) be a locally convex space. We denote the bounded elements ofE by Eb : ={x ∈
E : ‖x‖F = sup

�∈F

�(x)<∞}. In this paper, we prove that ifBEb
is relatively compact with

respect to theF topology andf : I × Eb → Eb is a measurable family ofF-continuous
maps then for eachx0 ∈ Eb there exists a norm-differentiable, (i.e. differentiable with respect
to the ‖ · ‖F norm) local solution to the initial valued problemut (t) = f (t, u(t)), u(t0) = x0.
All of this machinery is developed to study the Lipschitz stability of a nonlinear differential
equation involving the Hardy–Littlewood maximal operator.
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1. Introduction

Differential equations modeled in Banach spaces have attracted the attention of
many researchers throughout the last century. Most of their efforts were concen-
trated in the study of the classical Cauchy problem, also called the initial value
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problem (IVP)

{
ut (t) = f (t, u(t)) in (a, b),

u(a) = u0.
(1.1)

The mapf is a 1-parameter family of fields between a Banach space, i.e.,f : [a, b] ×
E → E. The theory of differential equations in Banach spaces has provided clever
and useful strategies to study many problems that appear in both applied and abstract
mathematics. The most common applications concern partial differential equations on
the Euclidean spaces which arise from physical systems.

Let X be a Banach space andF : [a, b]×X → X be continuous. It is well known that
if either dimX < ∞ or F is Lipschitz, then for each pair(t0, x0) ∈ [a, b] × X, there
exists aC1-curve x : (t0 − �, t0 + �) → X such thatx(t0) = x0 and xt (t) = F(t, x(t)).
Dieudonné in[11] provided the first example of a continuous map from an infinite
dimensional Banach space for which there is no solution to the related IVP. In his
simple and insightful example,X = c0 and F(x1, x2, . . .) := (|xn|1/2 + 1/n). He
noticed that there is no solution for the IVPx(0) = 0, xt (t) = F(x(t)). Yorke [37]
gave an example of the same phenomena in a Hilbert space. Afterwards, Godunov in
[16] proved that for every infinite dimensional Banach space, there exists a continuous
field such that there is no solution to the related initial valued problem. It turned out
that continuity was not the right assumption on the fieldF. Many celebrated works
have been developed since the 1970s in order to obtain suitable extensions for the
continuity notion on finite dimensional spaces. Basically two branches were born on
this journey: uniformly continuity and continuity in the weak topology. The former
came from the observation that ifR0 := [a, b] × BX(x0, r), F :R0 → X is continuous
and if dimX < ∞, F is automatically uniformly continuous, due to the compactness of
R0. For reference in this type of research direction, i.e., strong topology assumptions,
we cite, for instance,[22,25]. The latter came from one of the most fruitful ideas in
functional analysis. Weak topology appeared as an attempt to grapple with the lack
of local compactness in infinite dimensional Banach spaces. If the Banach spaceX is
reflexive, we recover locally compactness by endowing it with the weak topology. We
observe that the weak topology coincides with the strong topology in a Banach space
X if, and only if, dimX < ∞.

The first paper related to the existence of weak solutions for differential equations
in Banach spaces relative to the weak topology was[33]. Its main result is

Theorem 1.1 (Szep). Let E be a reflexive Banach space and f be a weak–weak con-
tinuous function onP = {t0� t� t0 + a, ‖x − x0‖�b}. Let ‖f (t, x)‖�M on P. Then
the IVP x′ = f (t, x), x(t0) = x0 has at least one weak solution defined on[t0, t0 + �],
where� = min(a, b/M).

Chow and Schuur in[6] treat the case whereE is separable and reflexive and
f : (0,1) × E → E is a weak continuous function with bounded range. The next step
was given by Kató in[18]. In this paper he observed that iff : [0, T ]×BE(u0, r) → E
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