
J. Differential Equations 214 (2005) 128–155

www.elsevier.com/locate/jde

Invariant manifolds of dynamical systems close to a
rotation: Transverse to the rotation axis

Patrick Bonckaerta, Ernest Fontichb,∗
aLimburgs Universitair Centrum, B-3590 Diepenbeek, Belgium

bDepartament de Matemàtica Aplicada i Anàlisi, Universitat de Barcelona, Gran Via de les
Corts Catalanes, 585, 08007 Barcelona, Spain

Received 27 April 2004; revised 16 February 2005

Available online 5 April 2005

Abstract

We consider one parameter families of vector fields depending on a parameterε such that
for ε = 0 the system becomes a rotation ofR2×Rn around{0} ×Rn and such that forε >0
the origin is a hyperbolic singular point of saddle type with, say, attraction in the rotation plane
and expansion in the complementary space. We look for a local subcenter invariant manifold
extending the stable manifolds toε= 0. Afterwards the analogous case for maps is considered.
In contrast with the previous case the arithmetic properties of the angle of rotation play an
important role.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction and statement of the main results

First we consider one-parameter families of vector fields onR2+n such that, for a
value of the parameter, the system becomes−�x2�/�x1+�x1�/�x2, with � �= 0, where
x = (x1, x2) denote coordinates onR2; let z denote coordinates onRn.
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More concretely, we study families of vector fieldsXε defined in some neighbourhood
of the origin by differential equations of the following form:

Xε :


x′1 = −�x2+ ε(a11x1+ a12x2+ a13 · z)+ εO(|(x1, x2, z)|2)+O(ε2),

x′2 = �x1+ ε(a21x1+ a22x2+ a23 · z)+ εO(|(x1, x2, z)|2)+O(ε2),

z′ = ε(a31 · x1+ a32 · x2+ a33 · z)+ εO(|(x1, x2, z)|2)+O(ε2),

(1)

where ε�0 is a real parameter. We have used the following notation: ifa is a linear
map andv is a vector,a · v denotes the image ofv. In the variablesx = x1 + ix2,
x̄ = x1− ix2 Eq. (1) becomes

Xε :


x′ = i�x + ε(b11x + b12x̄ + b13 · z)
x̄′ = −i�x̄ + ε(b̄12x + b̄11x̄ + b̄13 · z)
z′ = ε(b31 · x + b̄31 · x̄ + a33 · z)

〉
+ εO(|(x, x̄, z)|2)+O(ε2), (2)

whereb11 = (a11+ia21−ia12+a22)/2, b12 = (a11+ia21+ia12−a22)/2, b13 = a13+ia23
andb31 = (a31− ia32)/2. Since� �= 0, we can simplify the linear terms by the change
of variables(x, x̄, z) �→ (u, ū, w) defined by


u = x + ε 1

i� (b12x̄ + b13 · z),
ū = complex conjugate of the first line,

w = z+ ε 1
i� (−b31 · x + b̄31 · x̄).

(3)

It is then calculated that
u′ = i�u+ εb11u

ū′ = −i�ū+ εb̄11ū

w′ = εa33 · w

〉
+ εO(|(u, ū, w)|2)+O(ε2). (4)

Note that theO(ε2) terms may contain constant and linear terms in(u, ū, w). This
kind of families shows up in the unfolding of the Hopf-zero singularity: see[5,7] for
motivation, history and description of the problem. One is interested in the case when
Reb11 < 0 (that is: a11 + a22 < 0) and when all eigenvalues ofa33 have positive
real part. In this case, forε > 0, the system is, roughly speaking, contracting in
the (x1, x2)-direction and expanding in thez-direction. The conditions above imply,
using the implicit function theorem, that there is a hyperbolic singular pointpε =
(xε, x̄ε, zε) = (O(ε2),O(ε2),O(ε)) with an unstable manifoldWs

ε of dimension two
and a stable manifoldWu

ε of dimensionn. For the invariant manifold theory see, for
instance, [10]. We make a translation in such a way thatpε ≡ 0 becomes the origin.
We can express these invariant manifolds locally as invariant graphs.
The analogous setting for maps consists of families of diffeomorphisms that behave

as time one maps of equations of the form (2). More precisely, diffeomorphisms of
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