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Abstract

We investigate existence, nonexistence and asymptotical behaviour—both at the origin and at
infinity—of radial self-similar solutions to a semilinear parabolic equation with inverse-square
potential. These solutions are relevant to prove nonuniqueness of the Cauchy problem for the
parabolic equation in certain Lebesgue spaces, generalizing the result proved by Haraux and
Weissler [Non-uniqueness for a semilinear initial value problem, Indiana Univ. Math. J. 31
(1982) 167-189] for the case of vanishing potential.
© 2005 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we investigate existence, nonexistence and asymptotical behaviour of
nonnegative solutions to the ordinary differential equation

(PfY + (? + 3 : 2) Pf+PIfI"72f =0 (2.1)
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in R,, where

P()=¢""e4, (1.2)

- - . . 22
n>3,q > 2 and the coefficient satisfies the inequality & ¢ < co, co := (”ff)

denoting the best constant in the Hardy inequality.
(@) Eq. (L.1) arises in the analysis of radial self-similar solutions to the semilinear
parabolic equation with inverse-square potential

v =Av+ :—Zv + )% (1.3)

in §$:=R"x Ry (n>3), wherer = |x| andc, g are as above. Such solutions are of
the form

1

v(x, 1) =1t 972 f(r/\/1).

Upon substitution into .3), it is easily seen that the profilg¢ satisfies Eq. (1.1) in
Ry, whereé :=r//t and’ =d/d¢.
In the following an important role is played by the roots:

A=l :=2—n+2Jco—c¢ (1.4)
of the equation
P42 —2)i+4c=0 (1.5)

(e.g., see Theorem 1.6 below; observe that< 2—n < A4 < 0). These roots naturally
appear when we perform in Eql.Q) the change of unknowyi(¢) = C;'/Zg(é); in fact,
the choicel = 1. gives the following equation fog:

(Hg) —oHg + K|g|q_2g =0. (1.6)
Here

H(&) = 1T = &4 p (o), (1.7)
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u 2
K@) = 2T = 302, (1.8)
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