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Abstract

Let Ω = {−1,1}N and{ωj } be independent random variables taking values in{−1,1} with equal
probability. Endowed with the product topology and under the operation of pointwise product,Ω is
a compact Abelian group, the so-called Cantor group. Leta, b, c be real numbers with 1+ a + b +
c > 0, 1+ a − b − c > 0, 1− a + b − c > 0 and 1− a − b + c > 0. Finite products onΩ,

Pn =
n∏

j=1

(1+ aωj + bωj+1 + cωjωj+1),

are studied. We show that the weak limit of
{ Pn dω∫

Ω Pn dω

}
exists in the topology ofM(Ω), whereM(Ω)

is the convolution algebra of all Radon measure onΩ, thus defined a probability measure onΩ. We
also prove that the measure is continuous and singular with respect to the normalized Haar measure
onΩ.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Throughout this paper, let

Ω =
∞∏

j=1

Ωj = {−1,1}N

be the Cartesian product with all factors equal toΩj = {−1,1} (∀j � 1), and write its
elements

ε = (εn)n∈N or ε = ε1ε2 . . . .

Ω is well known as an Abelian group under the operation of pointwise product. With the
discrete topology on each factor, the product topology onΩ make it a compact Abelian
group, the so-called Cantor group [3]. This topology can also be induced by a metric: the
distance between two elementsε = (εn)n∈N, δ = (δn)n∈N in Ω is defined by

d(ε, δ) = 2− inf{n�0: εn+1 �=δn+1}.

The dual groupΓ of Ω consists of all characters, i.e. continuous group homomor-
phisms, fromΩ into the multiplicative group of complex numbers of modulus 1. Denote
the projectionωn :Ω → {−1,1} by ωn(ε) = εn. Characters are provided by the projec-
tion functions. Precisely, letR = {ωn: n ∈ N} ⊂ Γ , each nontrivial element ofΓ can be
uniquely written asωj1ωj2 . . .ωjk

, where 1� j1 < j2 < · · · < jk < ∞. Note that for the
normalized Haar measurem on Ω which is the product measure of the Haar measures on
Ωj for all j ∈ N, {ωj } may be viewed as independent random variables taking values in
{−1,1} with equal probability. By abuse of language, we will writedm asdω, and the
Haar measure onΩj = {−1,1} by dωj in the sequel.

Let M(Ω) be the convolution algebra of all Radon measures onΩ . As usual, we define
the Fourier transform ofµ ∈ M(Ω) by

µ̂(γ ) =
∫
Ω

γ dµ, for all γ ∈ Γ.

The following result due to Lévy will be needed in the next section.

Theorem A. LetG be a nondiscrete metrizable compact Abelian group with discrete dual
groupΓ , {µn} be a sequence of probability measures onG. If µ̂n converges everywhere in
Γ and defines the limit functionf . Thenµn converges weakly to a probability measureµ

onG, andf = µ̂.

If we recall the definition of weak convergence and the fact that the finite linear combi-
nations of members ofΓ are dense inC(G), the space of continuous functions onG, the
proof of Lévy theorem is quite immediate.

In Ref. [1] we studied a measure onΩ defined by∏∞
j=1(1+ aωj + bωj+1) dω∫

Ω

∏∞
j=1(1+ aωj + bωj+1) dω

,
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