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Abstract

By Karamata regular variation theory and constructing comparison functions, we show the exact
asymptotic behaviour of the unique classical solutionu ∈ C2(Ω) ∩ C(Ω̄) near the boundary to a
singular Dirichlet problem−∆u = k(x)g(u), u > 0,x ∈ Ω, u|∂Ω = 0, whereΩ is a bounded domain

with smooth boundary inRN ; g ∈ C1((0,∞), (0,∞)), limt→0+ g(ξ t)
g(t)

= ξ−γ , for eachξ > 0, for

someγ > 0; andk ∈ Cα
loc(Ω) for someα ∈ (0,1), is nonnegative onΩ, which is also singular near

the boundary.
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1. Introduction and the main results

Let Ω be a bounded domain with smooth boundary inR
N (N � 1). Consider the fol-

lowing singular Dirichlet problem for the Lane–Emden–Fowler equation:

−∆u = k(x)g(u), u > 0, x ∈ Ω, u|∂Ω = 0, (1.1)
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whereg andk satisfy

(g1) g ∈ C1((0,∞), (0,∞)), g′(s) � 0 for all s > 0, lims→0+ g(s) = +∞;
(k1) k ∈ Cα

loc(Ω) for someα ∈ (0,1), is nonnegative and nontrivial onΩ .

The problem arises in the study of non-Newtonian fluids, boundary layer phenomena for
viscous fluids, chemical heterogeneous catalysts, as well as in the theory of heat conduction
in electrically materials (see [10,13,17,25,29]).

The main feature of this paper is the presence of the singular termg(u) which is regular
varying at zero of index−γ with γ > 0, and the weightk(x) which is also singular near
the boundary, the both of them include a large class of singular functions.

The problem was discussed and extended to the more general problems in number of
works; see, for instance, [2,9–17,19–21,23,28–33]. Fork ≡ 1 onΩ , andg satisfying (g1),
Crandall et al. [10, Theorems 2.2 and 2.7] showed that problem (1.1) has a unique solution
u ∈ C2+α(Ω) ∩ C(Ω̄). Moreover, there exist positive constantsC1 andC2 such that

(I) C1p(d(x)) � u(x) � C2p(d(x)) near∂Ω , whered(x) = dist(x, ∂Ω),

wherep ∈ C[0, a] ∩ C2(0, a] is the local solution to the problem

−p′′(s) = g
(
p(s)

)
, p(s) > 0, 0< s < a, p(0) = 0. (1.2)

In particular, forg(u) = u−γ , γ > 1, u satisfies

(I1) C1[d(x)]2/(1+γ ) � u(x) � C2[d(x)]2/(1+γ ) near∂Ω .

Lazer and McKenna [21], by construction the global subsolution and supersolution,
showed that(I1) continues to hold onΩ̄ . Thenu ∈ H 1

0 (Ω) if and only if γ < 3. This is
a basic character to problem (1.1). Moreover, in the Remarks and generalizations, there is
the following additional information:

(I2) if, instead ofk(x) ≡ 1 onΩ , assume 0< c1 � k(x)ϕσ
1 (x) � c2 for all x ∈ Ω̄ , where

c1 andc2 are constants, 0< σ < 2, andϕ1 is the eigenfunction corresponding to the first
eigenvalue of problem−∆u = λu in Ω , andu|∂Ω = 0, then forγ > 1, there exist positive
constantsC1 andC2 (C1 small andC2 large) such thatu satisfying

C1
[
ϕ1(x)

]2/(1+γ ) � u(x) � C2
[
ϕ1(x)

](2−σ)/(1+γ )
, ∀x ∈ Ω̄.

Most recently, in [32], we showed the existence and global optimal estimate of unique
solution to problem (1.1) under

∫ ∞
1 g(s) ds < ∞. Moreover, Ghergu and Řadulescu [14]

showed that ifg satisfies (g1) and

(g2) there exist positive constantsC0, η0 andγ ∈ (0,1) such thatg(s) � C0s
−γ , ∀s ∈

(0, η0);
(g3) there existθ > 0 andt0 � 1 such thatg(ξ t) � ξ−θg(t) for all ξ ∈ (0,1) and 0< t �

t0ξ ;
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