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Abstract

The manifold of tripotents in an arbitrary JB*-tripis considered, a natural affine connection is
defined on itin terms of the Peirce projectionsZgfand a precise description of its geodesics is given.
Regarding this manifold as a fiber space by Neher’s equivalence, the base space is a symmetric Kéhler
manifold whenZ is a classical Cartan factor, and necessary and sufficient conditions are established
for connected components of the manifold to admit a Riemann structure.
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1. Introduction

In [9] Hirzebruch proved that the manifold of minimal projections in a finite-
dimensional simple formally real Jordan algebra is a compact Riemann symmetric space
of rank 1, and that any such space arises in this way. Later on, in [14] Nomura estab-
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lished similar results for the manifold of minimal projections in a topologically simple real
Jordan—Hilbert algebra. Recently, Jordan algebras and projections have been replaced by
the more general notions of 3Briples and tripotents, respectively. ‘JBiples are pre-

cisely those complex Banach spaces whose open unit balls are homogeneous with respect
to biholomorphic transformations.

In [1] an affine connectio’v on M, the manifold of tripotents in a JBtriple Z, was
defined in terms of the natural algebraic triple product structurg.ddnfortunately, the
description of the geodesics ®f given in [1, Theorem 2.7] by means of one-parameter
groups of automorphisms ¢f fails to be true in general since the corresponding second
order differential equation is of sophisticated character. Our first goal is to develop a tech-
nigue, based on exponential integrals, to find explicit formulas for the geodesits of

It is known thatM is a fibre space with respect to Neher’s relation of equivalence of
tripotents. As proved by Kaup in [11], the base spRoef that fibration is the manifold
of all complemented principal inner ideals @f which is a closed complex submanifold
of the Grassmannia® = G(Z). The connected components®f which are orbits ofl”

(the structure group of), are symmetric complex Banach manifolds on whichacts
as a group of isometries, see [11]. We show fidhduces on these orbits @-invariant
torsion-free affine connection (also denotedWyand compute its geodesics which turn
out to be orbits of one-parameter subgroupgof

All tripotents in the same equivalence class (in Neher’'s sense) have the same rank
(0 < r € 00), that is constant over each connected compongtf P. It is reasonable to
ask which of these connected components admit a Riemann structurg. &acfassical
Cartan factor, we solve that problem with the aid of the conceptspefator rankand
operator corank and prove thatM admits a Riemann structure if and only if either the
operator rank or the operator corank are finite, in which case we prov& tisahe Levi-

Civita and the Kahler connection 8. Some of these results were already known and due
to E. Cartan in th&€” setting.

2. JB*-triplesand tripotents

For a complex Banach spac¢k denote byL(Z) the Banach algebra of all bounded
linear operators oZ. A complex Banach spacg with a continuous mappin@t, b, ¢) —
{abc} from Z x Z x Z to Z is called aJB*-triple if the following conditions are satisfied
forall a,b, c,d € Z, where the operatar[Jb € L(Z) is defined by; — {abz} and[, ] is
the commutator product:

(1) {abc} is symmetric complex linear in, ¢ and conjugate linear ib.
(2) [eOb, cOd] = {abc}Od — cO{dab}.

(3) ada is hermitian and has spectrum0.

4) llfaaa}] = lla].

If a complex vector spac& admits a JB*-triple structure, then the norm and the triple
product determine each other. Antomorphisnis a bijectionp € £(Z) such thatp{zzz} =
{(#2)(¢2)(¢2)} for z € Z which occurs if and only i is a surjective linear isometry of.
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