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Abstract
This paper studies the eigenvalues of thie)-Laplacian Dirichlet problem

—div(Vu|P@=2vy) = Alu|PD =2y in 2,

u=0 onos2,
where$2 is a bounded domain ig™ and p(x) is a continuous function o such thatp(x) > 1.
We show thatA, the set of eigenvalues, is a nonempty infinite set such that sap-co. We present

some sufficient conditions for inf = 0 and for infA > 0, respectively.
0 2003 Published by Elsevier Inc.
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1. Introduction

The differential equations and variational problems witly)-growth conditions arise
from nonlinear elasticity theory, electrorHegical fluids, etc. (see [1,5,19,23-26]). The
study of such problems is a new and interesting topic, some results on this topic can be
foundin[1-5,7,9-11,13,17,19,23-26].

A typical model of elliptic equations witlp(x)-growth conditions is

— div((a + |Vu|2)(p(x)72)/2Vu) = f(x,u).
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In particular, whenx = 0, the operatorA ,yu := — div(|Vu | ~2Vy) is called p(x)-
Laplacian, it is a natural generalization of theLaplacian (wherep > 1 is a constant).
The p(x)-Laplacian possesses more qaivated nonlinearity than the-Laplacian, for
example, it is inhomogeneous.

In this paper, we shall consider the eigenvalues ofthg-Laplacian Dirichlet problem

P —div(|Vu|PM72Vy) = A|u|PDO~2,  in 2,
u=>0 onos2,

wheres? is a bounded domain iR", p: 2 — R is a continuous function ang(x) > 1
forx € 2.

In order to deal with the probleniP), we need some theory of the generalized
Lebesgue—Sobolev spaces (see [6,8,12,14, I ))8For convenience, we give a simple
description here.

Let

LP9(Q2) = {u | u is a measurable real valued function @n

/|u(x)|p(x)dx < oo},
Q2

WP (2) = {u e LPY(2) | [Vu| € LP™(2)},

We can introduce norms o™ (22) and w1 7™)(82), respectively, as

|u|p(x) = inf{k > O‘ /
2

lull = [l pey + | Vitl piry,  Yu € WEPE (2,

u(x) p(x)
A

dx < 1,, ue LPY (),

and

then(LP™)(2), ] - | px)) and(WEP@ (), | - ||) are both separable and reflexive Banach
spaces.

Denote byW&’p(x)(.Q) the closure oC§°(£2) in WP (£2); we know that V| () is
an equivalent norm oW&”’(")(Q).

Definition 1.1. Let A € R andu € Wol”’(x)(.(z). (u, ) is called a solution of the problem
(P) if
/qulp(x)_ZVuVde =A/ PO 2undx, Vve Wy (). (1.1)
2 2

If (u,2) is a solution of(P) andu = 0, as usual, we call andu an eigenvalue and an
eigenfunction corresponding toof (P), respectively.
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