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Abstract

We present a generalized energy functionalE for plane parallel shear flows which provides con-
ditional nonlinear stability for Reynolds numbers Re below some value ReE depending on the shear
profile. In the case of the experimentally important profiles, viz. combinations of laminar Couette
and Poiseuille flow, ReE is shown to be at least 174.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Although plane parallel shear flows of viscous incompressible fluids belong to the
simplest hydrodynamical systems the stability of the basic flow is up to the present in-
sufficiently understood. It is of particular interest to determine that value of the Reynolds
number at which the onset of instability occurs. Most interesting are those shear flows
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which are of experimental relevance. These are the wall and pressure driven flows in
plane parallel channels (Couette and Poiseuille flow, respectively) and linear combinations
thereof.

The classical methods which yield rigorous stability results, are the energy method and
the method of linearized stability. The former method yields global asymptotic stability
for Reynolds numbers Re below some value ReE which is of the order 102 for the above
mentioned flows [1,8]. The second method yields a critical value Rec below which the
system is conditionally stable and above it is unstable. For Poiseuille flow there is Rec of
order 104, as numerically has been found (cf. [4]), whereas for Couette flow there is even
Rec = ∞ [16]. Experimentally, the onset of instability is observed forReynolds numbers of
the order 103 (cf. [3,7]), i.e., none of the classical methods describes thestability behavior
satisfactorily.

A third method which has successfully been applied to a couple of hydrodynamic stabil-
ity problems uses generalized energy functionalsE which are better adjusted to the specific
problems under consideration [6,9,17]. This method of generalized energy functionals or
Lyapunov direct method [5] provides in general conditional stability for Reynolds num-
bers below some value ReE together with explicit stability balls in theE1/2-norm. It has
already been applied to plane parallel shear flows, however, under the assumption of stress-
free boundary conditions for theperturbations [15]. Rigidboundary conditions, which are
more appropriate, proved so far as a serious problem for the application of this method [11].
Only recently, using a refined calculus inequality, this problem could be resolved, and con-
ditional nonlinear stability has been provedin the Couette flow case for Reynolds numbers
below ReE = 177 [12].

Here, conditional nonlinear stability is proved for arbitrary plane parallel shear flows
up to some value ReE which depends on the shear profile. The corresponding functionalE
is simpler than that used in [12]. As a consequence ReE turns out to be RexE, the ordinary
energy stability limit for perturbations which do not vary in the spanwise direction. In
the case of the experimentally important profiles, viz. linear combinations of Couette and
Poiseuille flow, this number is at least 174, the value for pure Poiseuille flow. For Couette
flow it coincides with the value obtained in [12].

2. Preliminaries

The appropriate geometrical setting for plane parallel shear flows is an infinite layer
R × (−1

2, 1
2) of thickness 1 with horizontal coordinatesx, y and vertical coordinatez.

Plane parallel shear flows are then characterized by the functional form

U0 = U0(z) = Re

(
f (z)

0
0

)
. (2.1)

The functionf : [−1
2, 1

2] → R is assumed to be sufficiently smooth and is called the shear
profile. For Couette flow there isf (z) = −z and for Poiseuille flowf (z) = 1−4z2. Re> 0
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