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Abstract

For the tensor product ofk copies of the same one-dimensional Bernstein-type operatorL, we
consider the problem of finding the best constant in preservation of the usual modulus of continuity
for thelp-norm onR

k . Two main results are obtained: the first one gives both necessary and sufficient
conditions in order that 1+ k1−1/p is the best uniform constant for a single operator; the second
one gives sufficient conditions in order that 1+ k1−1/p is the best uniform constant for a family of
operators. The general results are applied to several classical families of operators usually considered
in approximation theory. Throughout the paper, probabilistic concepts and methods play an important
role.
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1. Introduction and main results

Let ∆k be a (nonempty) convex subset ofR
k , and letL〈k〉 be a positive linear operator

acting on a setL〈k〉 of real functions on∆k , which assigns a real functionL〈k〉f on ∆k

to eachf ∈ L〈k〉. The problem of global smoothness preservation can be described as the
problem of obtaining estimates of the form

ωp(L〈k〉f ; δ) � C(δ)ωp(f ; δ), δ > 0, f ∈L〈k〉, (1)

whereC(δ) is a positive constant not depending uponf , and

ωp(f ; δ) := sup
{∣∣f (x) − f (y)

∣∣: x,y ∈ ∆k, ‖x − y‖p � δ
}

is the usual modulus of continuity for thelp-norm onR
k (p ∈ [1,∞]). In particular, it is

interesting to determine the value of the best possible constant on the right-hand side in (1).
Provided thatL〈k〉f is constant wheneverf is, such a best constant is obviously given by

C〈k〉
p (δ) := sup

f∈L〈k〉∗

ωp(L〈k〉f ; δ)

ωp(f ; δ)
, δ > 0, (2)

where

L〈k〉∗ := {
f ∈ L〈k〉: 0< ωp(f ;1) < ∞}

.

Problems of this kind have been discussed in several works by using different ap-
proaches (see, for instance, [1–10,12] and references therein). Theprobabilistic approach
developed in [1,2,6–9,12] has proved to be suitable and fruitful when dealing with opera-
tors of probabilistic type (also called Bernstein-type operators), that is, operators allowing
for a representation of the form

L〈k〉f (x) = Ef
(
ξ 〈k〉(x)

)
, x ∈ ∆k, f ∈L〈k〉, (3)

whereE denotes mathematical expectation,{ξ 〈k〉(x): x ∈ ∆k} is a stochastic process taking
values in∆k, andL〈k〉 is the set of all real functions on∆k for which the right-hand side
in (3) makes sense.

In the present paper, we considerk-dimensional operators which are tensor products of
k copies of the same one-dimensional Bernstein-type operator. More precisely, the setting
is the following.

Let I be the interval[0,1] or [0,∞), and letL be the Bernstein-type operator overI

given by

Lf (x) := Ef
(
ξ(x)

)
, x ∈ I, f ∈ L,

where theI -valued stochastic process{ξ(x): x ∈ I } is assumed to be integrable (this al-
ways holds whenI = [0,1]). It is easy to see that the domainL contains all the real
(measurable, when needed) functions onI such thatω(f ;1) < ∞.

The tensor productL〈k〉 := L ⊗ · · · ⊗ L of k copies ofL is thek-dimensional operator
over∆k := Ik given by (3), where

ξ 〈k〉(x) := (
ξ1(x1), . . . , ξk(xk)

)
, x := (x1, . . . , xk) ∈ Ik, (4)



Download English Version:

https://daneshyari.com/en/article/9503310

Download Persian Version:

https://daneshyari.com/article/9503310

Daneshyari.com

https://daneshyari.com/en/article/9503310
https://daneshyari.com/article/9503310
https://daneshyari.com

