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Abstract

Given a system of equations in a “random” finitely generated subgroup of the braid group, we show
how to find a small ordered list of elements in the subgroup, which contains a solution to the equations
with a significant probability. Moreover, with a significant probability, the solution will be the first in
the list. This gives a probabilistic solution to: the conjugacy problem, the group membership problem,
the shortest presentation of an element, and other combinatorial group-theoretic problems in random
subgroups of the braid group.

We use a memory-based extension of the standard length-based approach, which in principle can
be applied to any group admitting an efficient, reasonably behaving length function.
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1. The general method

1.1. Systems of equations in a group

Fix a groupG. A pure equationin G with variablesXi , i ∈ N, is an expression of the
form
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· · ·Xσn

kn
= b, (1)

wherek1, . . . , kn ∈ N, σ1, . . . , σn ∈ {1,−1}, andb is given. Aparametric equationis one
obtained from a pure equation by substituting some of the variables with given (known)
parameters. Byequationwe mean either a pure or a parametric one. Since any probabilistic
method to solve a system of equations implies a probabilistic mean to check that a given
system has a solution, we will confine attention to systems of equations which possess a
solution.

Given a system of equations of the form (1), it is often possible to use algebraic ma-
nipulations (taking inverses and multiplications of equations) in order to derive from it a
(possibly smaller) system of equations all of which share the same leading variable, that
is, such that all equations have the form

XWi = bi, (2)

whereX is one of the variables appearing in the original system. The task is to find the
leading variableX in the system (2). Having achieved this, the process can be iterated to
recover all variables appearing in the original system (1). In the sequel we confine our
attention to systems consisting of one or more equations of the form (2).

1.2. Solving equations in a finitely generated group

The following general scheme is an extension of one suggested by Hughes and Tannen-
baum [6] and examined in [2]. Our new scheme turns out dramatically more successful
(compare the results of Section 2 to those in [2]).

It is convenient to think of each of the variables as an unknown element of the groupG.
Assume that the groupG is generated by the elementsa1, . . . , am, and that there exists a
“reasonable” length function� :G → R

+, that is, such that the expected length tends to
increase with the number of multiplied generators.

Assume that equations of the form (2),i = 1, . . . , k, are given. We propose the following
algorithm: SinceX ∈ G, it has a (shortest) form

X = a
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· · ·aσn
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.

The algorithm generates an ordered list ofM sequences of lengthn, such that with a
significant probability, the sequence

(
(j1, σ1), (j2, σ2), . . . , (jn, σn)

)
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