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Abstract

We present an algorithm for multiple-precision floating-point multiplication. The
conventional algorithms based on the fast Fourier transform (FFT) multiply two n-
bit numbers to obtain a 2x-bit result. In multiple-precision floating-point multiplication,
we need only the returned result whose precision is equal to the multiple-precision float-
ing-point number. We show that the overall arithmetic operations for FFT-based
multiple-precision floating-point multiplication are reduced by decomposition of the
full-length multiplication into shorter-length multiplication.
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1. Introduction

Many multiple-precision multiplication algorithms have been well studied
[1-6]. Multiple-precision multiplication of n-bit numbers requires O(n?) bit
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operations using ordinary multiplication algorithm [1]. Karatsuba’s algorithm
[2] is known to reduce the number of operations to O(n'°€*%).

Multiple-precision multiplication of n-bit numbers can be performed in
O(nlognloglogn) bit operations by using the Schonhage—Strassen algorithm
[3], which is based on the fast Fourier transform (FFT) [7]. However, the
Schonhage-Strassen algorithm may not be able to take advantage of comput-
ers with fast floating-point hardware, and it needs binary-to-decimal radix con-
version for the final result. Bailey used the discrete Fourier transform (DFT)
with three prime modulo computations followed by reconstruction through
the Chinese Remainder Theorem for his 7 calculation to 29 million decimal
digits [8].

In addition, a multiple-precision multiplication algorithm using floating-
point real FFT is known as another fast multiplication algorithm [9,10].

These conventional FFT-based multiplication algorithms multiply two n-bit
numbers to obtain a 2x-bit result. In multiple-precision floating-point multipli-
cation, we need only the returned result whose precision is equal to the multiple-
precision floating-point number. We will call the returned result the “short
product” here. In [4,6], algorithms for multiple-precision floating-point multi-
plication are shown. They used the ordinary O(sn®) multiplication algorithm
or Karatsuba’s O(r'°%?) algorithm. However, in multiple-precision multiplica-
tion of several thousand decimal bits or more, FFT-based multiplication is the
fastest. We show that the overall arithmetic operations for FFT-based multiple-
precision floating-point multiplication are reduced by decomposition of the full-
length multiplication into shorter-length multiplication.

For simplicity, in this paper, we use the short product which does not pro-
vide exact rounding. However, it is not hard to extend multiple-precision float-
ing-point multiplication with exact rounding [4,6]. We also restrict ourselves to
computing a mantissa of floating-point numbers in this paper.

2. Multiple-precision multiplication based on FFT

We deal here with real FFT-based multiple-precision multiplication.
Let us consider the product Z of two integers X and Y with length » and
base B.

2n—1 2n—1
X=> xB, Y= yB,
i=0 i=0

where 0 < x;<B,0 < y;<B,forO0<i<n—1l,and x;,=y;=0fori > n.
Then,

2n—1 2n—1 2n—1 [2n—1 2n—1
Z=X-Y= (Z x,-B") : (Zijf) = (Z xjyk_])Bk => zB".
=0

i=0 k=0 \ j=0 k=0
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