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Abstract

This paper is concerned with the standing waves for nonlinear Klein–Gordon equa-

tions with nonnegative potentials. First, the existence of standing waves associated with

the ground states is obtained by using variational calculus as well as a compactness

lemma. Next, a series of sharp conditions for global existence of nonlinear Klein–Gor-

don equations with nonnegative potentials are established in terms of the characteristics

of the ground state and the local theory. Then, that how small the initial data are, the

global solutions exist is given. Finally, the instability of standing wave is shown by com-

bining those results.

� 2004 Elsevier Inc. All rights reserved.

Keywords: Nonlinear Klein–Gordon equation; Nonnegative potential; Ground state; Global exi-

stence; Blowup; Instability

0096-3003/$ - see front matter � 2004 Elsevier Inc. All rights reserved.

doi:10.1016/j.amc.2004.07.003

q This work is supported by National Natural Science Foundation of PR China (10271084).
* Correspondence author. Address: College of Mathematics and Software Science, Sichuan

Normal University, Chengdu 610066, PR China.

E-mail address: tanliang2008cn@yahoo.com.cn (Z. Gan).

Applied Mathematics and Computation 166 (2005) 551–570

www.elsevier.com/locate/amc

mailto:tanliang2008cn@yahoo.com.cn 


1. Introduction

In the present paper, we consider the nonlinear Klein–Gordon equations

with a real valued potential V(x):

/tt ¼ D/ � m2/ � V ðxÞ/ þ aj/jp�1/; tP 0; x 2 RN ; ð1Þ

where / = /(t,x) is a complex-valued function of (t,x)2R+ · RN, D is the La-

place operator on RN, a > 0; N P 2 and 1 < p < Nþ2
ðN�2Þþ (we use the convention:

Nþ2
ðN�2Þþ ¼ 1 when N = 2, and (N � 2)+ = N � 2 when N P 3, also see Wang

[27]).

Concerning Eq. (1), there are nonlinear perturbations of the linear Klein–
Gordon equation (1) with a = 0, for which there is a persistence of time-peri-

odic and spatially localized solutions which are often called bound states.

Meanwhile, (1) has the symmetry / # /eic and it has been shown [2] that

(1) has time periodic and spatially localized solutions of the form eixt u(x,x)
with u in H1, which bifurcate from the zero solution at the point eigenvalue of

�D + V(x) � x2, by global variational [3,4], and local bifurcation methods [5].

Soffer and Weinstein in [1] considered a class of nonlinear Klein–Gordon

equations with potentials:

o
2
t / ¼ ðD � V ðxÞ � m2Þ/ þ af ð/Þ; a 2 R; ð2Þ

which are Hamiltonian and are perturbations of linear dispersive equations,

and got some elegant results on the following three problems:

(P1) Do small amplitude spatially localized and time-periodic solutions per-

sist for typical nonlinear and Hamiltonian perturbations?

(P2) What is the character of general small amplitude solutions to the per-

turbed dynamics?

(P3) How are the structures of the unperturbed dynamics manifested in the
perturbed dynamics?

Moreover, they also obtained the local existence theory on the Cauchy prob-

lem for (2), which is the foundation of our paper. In the present paper, we do

not consider the Eq. (2) with general nonlinearity, but consider the case

f(/) = j/jp�1/ in Eq. (2), namely, we consider Eq. (1) and are devoted to solv-

ing some problems which are different from (P1)–(P3) in [1] under appropriate

assumptions on V(x) by using other approaches.

We assume that V(x) satisfies

V ðxÞP 0: ð3Þ
In the case of V(x) < 0, whether the results of the present paper hold or not

is unknown in the literature and it will be our next work. Because there exists

natural relation between the Schrödinger equation and the Klein–Gordon

equation, let us recall the nonlinear Schrödinger equation with potentials
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