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On positive solutions in a phytoplankton–nutrient model�
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Abstract

On the basis of an application from aquatic ecology, we discuss the behaviour of the widely used time integration
packageVODE by Brown et al. (SIAM J. Sci. Statist. Comput. 10 (1989) 1038).When used in a default setting this
code smoothly produces a negative steady state solution, which is not realistic in this application.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Phytoplankton, the generic name ofmicroorganisms living in lakes, seas and oceans[8], are at the basis
of the aquatic foodweb. Their role for a proper functioning of the aquatic ecosystem has been recognized
for a long time and has been widely studied both empirically[17] as well as theoretically[9,5].
For their primary production of biomass, phytoplankton use photosynthesis[12], a process where solar

energy (light) and carbon dioxide are utilized. Due to the sequestration of carbon dioxide, phytoplankton
have a significant impact on the reduction of the greenhouse effect on a global scale (see e.g.[6]).
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In many regions (and some seasons) light availability is themajor factor limiting phytoplankton growth
[18]. In other regions, and seasons, phytoplankton growth is largely influenced by the availability of
nutrients, such as nitrogen, phosphorous, and iron (see[16,1,3]).
In this noteweconsider amodel inwhich both limiting factors, light andnutrient, are taken into account.

These two factors give rise to contrasting gradients since light is coming from above, whereas nutrients
are supplied at the sediment (see e.g.[13,19,4]). As a result, the vertical distribution of the phytoplankton
population can be quite heterogeneous in the sense that a large aggregation of phytoplankton is formed
at a subsurface depth, where both light and nutrient are just sufficiently available to sustain a population.

2. The mathematical model

Here, we describe the phytoplankton–nutrient model for one single species (a multi-species extension
of the model can be found in[15]). The mono-species formulation is sufficient for the purpose of this
note: showing the peculiar behaviour of the time integrator VODE[2].
We consider a water column in which the depth co-ordinatez runs fromz = 0 (the surface) toz = zB

(the bottom). Furthermore, let�(z, t) denote the population density of a phytoplankton species at vertical
positionzat timet �0. The distribution of phytoplankton is determined by the combined effect of growth
(the main biological factor) and local transport processes (the main physical factor) through the partial
differential equation

��

�t
= g� − �J

�z
, (1)

whereg andJ are, respectively, the growth rate and the flux at depthzat timet.
The flux J is determined by the convective transport, due to the settling speedv and the diffusive

transport, due to mixing,

J (z, t) = v�(z, t) − D(z)
��

�z
(z, t), (2)

whereD(z) is the space-dependent mixing rate.
In our model, the growth rateg is assumed to depend on the light intensityL and the nutrient concen-

trationN. In fact, it depends on the balance between the production ratep and the specific loss rate
 as
given by

g(L,N) = p(L,N) − 
. (3)

Here, the loss rate is assumed constant and represents grazing by zooplankton, mortality, excretion,
etc. The production ratep determines the growth of phytoplankton and is defined by the two limiting
environmental resources (i.e., light and nutrient) in the following way (see e.g.[13,19]),

p(L,N) = �min

(
L

LH + L
,

N

NH + N

)
, (4)

where�, LH andNH, respectively, denote the maximum specific production rate and the half-saturation
constants of light and nutrient.
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