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Abstract

This paper deals with the summation problem of power series of the Sty x) = 3", <k<b f (k)x*, where
0<a <b<oo,and{f(k)}is agiven sequence of numbers witk [a, b) or f(¢) is a differentiable function defined
onla, b). We present a symbolic summation operator with its various expansions, and construct several summation
formulas with estimable remainders f8f (f; x), by the aid of some classical interpolation series due to Newton,
Gauss and Everett, respectively.
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1. Introduction

It is known that the symbolic operations(difference),E (displacement) an® (derivative) play an
important role in the calculus of finite differences as well as in certain topics of computational methods.
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For various classical results, see, €6,8], etc. Certainly, the theoretical basis of the symbolic methods
could be found within the theory of formal power series, in as much as all the symbolic expressions
treated are expressible as power series,i& or D, and all the operations employed are just the same
as those applied to formal power series. For some easily accessible references on formal series, we may
recommend?2,3,11}

Recall that the operators E andD may be defined via the following relations:

d
AfO)=fe+DH - f@O., Ef(=f0+D), Df @) =3/ (®).

Using the number 1 as an identity operator, vi£(4) = f (t), one can observe that these operators satisfy
the formal relations

E=1+4=¢P, A=E—-1=¢? -1, D=log(l+ 4).

Powers of these operators are defined in the usual way. In particular, one may define for any real number
X, EXf(t) = f(t+x).

Note thate* £(0) = [EX f(1)],_, = f (k), so that any power series of the fodmt” , f (k)x* could be
written symbolically as

Y floxt =Y XFEFFO) =) (E)f(0)=(1-xE) £ (0.

k>0 k=0 k>0

This shows that the symbolic operatdr— x E)~* with parametek can be applied tg (¢) (at7 = 0) to
yield a power series or a generating function f@rk)}.

We shall show in Section 3 that — x E)~* could be expanded into series in various ways to derive
various symbolic operational formulas as well as summation formula}s for, f(k)x*. Note that the
closed form representation of series has been studied extensively. See, for eX@hvgéch presents
a unified treatment of summation of series using function theoretic method. Some consequences of the
summation formulas as well as the examples will be shown in Section 4, can be useful for computational
purpose, accelerating the series convergence. In Section 5, we shall give the remainders of the summatior
formulas.

2. Preliminaries

We shall need several definitions as follows.

Definition 2.1. The expressiory (t) € CEZ,b) (m>1) means thaff (¢) is a real function continuous
together with itanth derivative ora, b).

Definition 2.2. (x, xo, x1, ..., x,) represents a least interval containirgand the numbersyg, x2,
o, Xn-

Definition 2.3. «(x) is called an Eulerian fraction and may be expressed in the forr{¢f.

Ap(x)
(1 o x)kJrl ’

(x#D),

g (x) =



Download English Version:

https://daneshyari.com/en/article/9509518

Download Persian Version:

https://daneshyari.com/article/9509518

Daneshyari.com


https://daneshyari.com/en/article/9509518
https://daneshyari.com/article/9509518
https://daneshyari.com/

