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Inverse spherical surfaces
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Abstract

In this paper we describe a new way to design rational parametric surfaces defined on spherical triangles which are
useful for modelling in a spherical environment. These surfaces can be seen as single-valued functions in spherical
coordinates.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The problem of defining curves on curves, or surfaces on surfaces, plays an important role in computer
aided geometric design (CAGD), in particular, the problem of defining curves and surfaces over the sphere
is of a certain interest since it allows us to model circular/spherical phenomena in a more natural way.
The reader is referred to[8, Chapter 9], for a detailed description of this subject.

In this work we address the problem of defining convenient modelling tools involving patches defined
over spherical triangles. This problem has not received much attention in the literature, possibly because
until recently it was incorrectly believed that there were no suitable forms of spherical barycentric coordi-
nates. This myth was dispelled in[2] where coordinates used already more than 100 years ago by Möbius
were employed to create the so-called CBB curves on circular arcs[1], and their generalization, called
SBB-patches, on spherical triangles[2]. These patches turn out to be suitable for data fitting on the sphere
[3], although, as already observed in[2], they are not particularly useful for design purposes because, in
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general, they are not close to their control curve/surface. To overcome this deficiency, interesting propos-
als for modelling curves on circular arc were presented in[14,15], and known as polar(p)-Bézier curves
and in[4,16], and named polar(p)-spline curves, while their generalization to tensor product surfaces is
given in[17]. Unfortunately, an extension of p-Bézier curves to spherical patches on spherical triangles,
due to the geometry of the sphere, does not exist.

In fact, the key aspect of the curve proposal in[15] is a fan-transformation of the circular arc of a factor
n that gives ann-partition on the arc defined byn sub-arcs of the same arc length. This concept has no
natural generalization to the spherical setting. Let us motivate this issue in more details.

An n-partition of a planar triangleT := 〈u1, u2, u3〉, consists ofn2 identical sized and shaped triangles
onT. It is well-known that all the triangles of thisn-partition onThave edges of lengths〈u1, u2〉, 〈u2, u3〉,
〈u1, u3〉 divided by a factorn.

As observed in[2], for generaln > 1, there is no analogous way to partition a spherical triangleT :=
〈v1, v2, v3〉, with geodesic boundaries. That is, the sub-triangles of then-partition ofT have boundaries
that are not given by a reduction of a factorn of the geodesic lengths of the boundaries ofT: 〈v1, v2〉,
〈v2, v3〉, 〈v1, v3〉.

For a better understanding, let us see the casen = 2. Connecting, for example, the middle points of
〈v1, v2〉 and〈v1, v3〉 of a spherical triangleT we get an arc of lengthx on the great circle through these
points. From spherical trigonometry, cos(x)=cos(A) cos(〈v2, v3〉/2) whereA is the area of the spherical
triangleT. This trivially shows thatx �= 〈v2, v3〉/2.

In this paper we characterize a special subset of rational Bézier patches defined on spherical triangular
domains that allows us to model with single-valued surfaces in spherical coordinate system.These patches,
that we call inverse spherical surfaces (ISS), exhibit most of the important modelling properties such as
for example a good sketch of their control surface. Moreover, they also offer a natural way to model
surfaces with complex shapes on the sphere, while modelling such surfaces with rectangular patches
would require degenerate patches.

The ISS can be proposed as basic representation for a spherical modelling environment which can be
seen as a powerful tool in a classical CAD system based on nonuniform rational B-splines (NURBS) in
order to extend its potentiality.

The paper is organized as follows. In Section 2 we briefly review some notations and basic facts about
rational Bézier patches defined on triangular domains. In Section 3 we consider a special class of rational
Bézier patches as ISS, and in Section 4 surfaces in this class are analyzed in the spherical setting as single-
valued surfaces. Our proposal of a simple ISS subclass, efficient and useful for modelling, is described
in Section 5, and in Section 6 we discuss how these ISSs can be smoothly joined together. We conclude
the paper with remarks in Section 7.

2. Rational triangular Bézier patches

In this section we recall some well-known facts about rational triangular Bézier patches, see[6,10]. Let
T ∗ be a triangle with vertices inR2. Given a point� ∈ T ∗, let (�1, �2, �3) be its barycentric coordinates
relative toT ∗. Then theBernstein basis polynomials of degree n onT ∗ are defined by
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