
Journal of Computational and Applied Mathematics 178 (2005) 361–375

www.elsevier.com/locate/cam

Multiple little q-Jacobi polynomials�

Kelly Postelmans, Walter Van Assche∗

Department of Mathematics, Katholieke Universiteit Leuven, Celestijnenlaan 200B, B-3001 Leuven, Belgium

Received 13 October 2003; received in revised form 31 March 2004

Abstract

We introduce two kinds of multiple littleq-Jacobi polynomialsp�n with multi-index �n = (n1, n2, . . . , nr ) and
degree|�n| = n1 + n2 + · · · + nr by imposing orthogonality conditions with respect tor discrete littleq-Jacobi
measures on the exponential lattice{qk, k = 0,1,2,3, . . .}, where 0<q <1. We show that these multiple little
q-Jacobi polynomials have usefulq-difference properties, such as a Rodrigues formula (consisting of a product of
r difference operators). Some properties of the zeros of these polynomials and some asymptotic properties will be
given as well.
© 2004 Elsevier B.V. All rights reserved.
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1. Little q-Jacobi polynomials

Little q-Jacobi polynomials are orthogonal polynomials on the exponential lattice{qk, k=0,1,2, . . .},
where 0<q <1. In order to express the orthogonality relations, we will use theq-integral

∫ 1

0
f (x)dqx = (1− q)

∞∑
k=0

qkf (qk) (1.1)
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(see, e.g.,[2, Section 10.1; 5, Section 1.11]) wheref is a function on[0,1] which is continuous at 0. The
orthogonality is given by∫ 1

0
pn(x; �, � | q)xkw(x; �, � | q)dqx = 0, k = 0,1, . . . , n− 1, (1.2)

where

w(x; a, b | q)= (qx; q)∞
(q�+1x; q)∞

x�. (1.3)

We have used the notation

(a; q)n =
n−1∏
k=0

(1− aqk), (a; q)∞ =
∞∏
k=0

(1− aqk).

In order that theq-integral ofw is finite, we need to impose the restrictions�, �>− 1. The orthogonality
conditions (1.2) determine the polynomialspn(x; �, � | q) up to a multiplicative factor. In this paper, we
will always use monic polynomials and these are uniquely determined by the orthogonality conditions.
Theq-binomial theorem

∞∑
n=0

(a; q)n
(q; q)n z

n = (az; q)∞
(z; q)∞ , |z|, |q|<1 (1.4)

(see, e.g.,[2, Section 10.2; 5, Section 1.3]) implies that

lim
q→1

w(x; �, � | q)= (1− x)�x�, 0<x <1,

so thatw(x; �, � | q) is aq-analog of the beta density on[0,1], and hence
lim
q→1

pn(x; �, � | q)= P (�,�)n (x),

whereP (�,�)n are the monic Jacobi polynomials on[0,1]. Little q-Jacobi polynomials appear in represen-
tations of quantum SU(2)[9,10], and the special case of littleq-Legendre polynomials was used to prove
irrationality of aq-analog of the harmonic series and log 2[14]. Their role in partitions was described in
[1]. A detailed list of formulas for the littleq-Jacobi polynomials can be found in[8, Section 3.12], but
note that in that reference the polynomialpn(x; a, b | q) is not monic and thata = q�, b = q�. Useful
formulas are thelowering operation

Dqpn(x; �, � | q)= 1− qn

1− q
pn−1(x; � + 1, � + 1 | q), (1.5)

whereDq is theq-difference operator

Dqf (x)=
{ f (x)−f (qx)

(1−q)x if x �= 0,
f ′(0) if x = 0

(1.6)
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