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Two linear transformations each tridiagonal with respect to an
eigenbasis of the other: comments on the split decomposition

Paul Terwilliger

Mathematics Department, University of Wisconsin-Madison, 480 Lincoln Drive, Madison, WI 53706-1388, USA

Received 22 September 2003; received in revised form 23 April 2004

Abstract

LetK denote a field and letVdenote a vector space overKwith finite positive dimension.We consider an ordered
pair of linear transformationsA : V → V andA∗ : V → V that satisfy both conditions below:

(i) There exists a basis forV with respect to which the matrix representingA is irreducible tridiagonal and the
matrix representingA∗ is diagonal.

(ii) There exists a basis forV with respect to which the matrix representingA∗ is irreducible tridiagonal and the
matrix representingA is diagonal.

We call such a pair aLeonard paironV. Referring to the above Leonard pair, it is known there exists a decomposition
of V into a direct sum of one-dimensional subspaces, on whichA acts in a lower bidiagonal fashion andA∗ acts in
an upper bidiagonal fashion. This is called thesplit decomposition. In this paper, we give two characterizations of
a Leonard pair that involve the split decomposition.
© 2004 Elsevier B.V. All rights reserved.

MSC:05E30; 05E35; 33C45; 33D45

Keywords:Leonard pair; Tridiagonal pair;q-Racah polynomial

E-mail address:terwilli@math.wisc.edu(P. Terwilliger).

0377-0427/$ - see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2004.04.017

http://www.elsevier.com/locate/cam
mailto:terwilli@math.wisc.edu


438 P. Terwilliger / Journal of Computational and Applied Mathematics 178 (2005) 437–452

1. Leonard pairs and Leonard systems

We begin by recalling the notion of aLeonard pair[6,12–18]. We will use the following terms. Let
X denote a square matrix. ThenX is calledtridiagonalwhenever each nonzero entry lies on either the
diagonal, the subdiagonal, or the superdiagonal. AssumeX is tridiagonal. ThenX is calledirreducible
whenever each entry on the subdiagonal is nonzero and each entry on the superdiagonal is nonzero.We
now define a Leonard pair. For the rest of this paperK will denote a field.

Definition 1.1 (Terwilliger [13, Definition 1.1]). LetV denote a vector space overK with finite positive
dimension. By aLeonard paironV, we mean an ordered pair of linear transformationsA : V → V and
A∗ : V → V that satisfies both (i) and (ii) below.

(i) There exists a basis forV with respect to which the matrix representingA is irreducible tridiagonal
and the matrix representingA∗ is diagonal.

(ii) There exists a basis forVwith respect to which the matrix representingA∗ is irreducible tridiagonal
and the matrix representingA is diagonal.

Note 1.2.According to a common notational conventionA∗ denotes the conjugate transpose ofA. We
are not using this convention. In a Leonard pairA,A∗ the linear transformationsA andA∗ are arbitrary
subject to (i) and (ii) above.

Our use of the name “Leonard pair” is motivated by a connection to a theorem of Leonard[2, p. 260];
[9], which involves theq-Racah polynomials[1]; [3, p. 162]and some related polynomials of the Askey
scheme[7]. This connection is discussed in[13, Appendix A]and[15, Section 16]. See[4,5,8,10,19]for
related topics.
In this paper, we obtain two characterizations of a Leonard pair. These characterizations are based

on a concept which we call thesplit decomposition. We will formally define the split decomposition in
Section 2, but roughly speaking, this is a decomposition of the underlying vector space into a direct sum
of one-dimensional subspaces, with respect to which one element of the pair acts in a lower bidiagonal
fashion and the other element of the pair acts in an upper bidiagonal fashion. In[13] we showed that every
Leonard pair has a split decomposition. In the present paper, we consider a pair of linear transformations
that is not necessarily a Leonard pair. We find a necessary and sufficient condition for this pair to have a
split decomposition. Our main result along this line is Theorem 4.1. Now assuming the pair has a split
decomposition, we give two necessary and sufficient conditions for this pair to be a Leonard pair. These
conditions are stated in Theorems 5.1 and 5.2. These conditions are restated for a more concrete setting
in Theorems 6.3 and 6.4.
When working with a Leonard pair, it is often convenient to consider a closely related and somewhat

more abstract concept called aLeonard system. In order to define this we recall a few more terms. Letd
denote a nonnegative integer. LetMatd+1(K)denote theK-algebra consisting of alld+1byd+1matrices
which have entries inK. We index the rows and columns by 0,1, . . . , d. LetKd+1 denote theK-vector
space consisting of alld + 1 by 1 matrices which have entries inK. We index the rows by 0,1, . . . , d.
We viewKd+1 as a left module for Matd+1(K) under matrix multiplication. We observe this module is
irreducible. For the rest of this paper we letA denote aK-algebra isomorphic to Matd+1(K). When we
refer to anA-module we mean a leftA-module. LetV denote an irreducibleA-module. We remark that
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