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Abstract

Let K denote a field and l&tdenote a vector space ouvigmwith finite positive dimension. We consider an ordered
pair of linear transformationg : V. — V andA* : V — V that satisfy both conditions below:

(i) There exists a basis farf with respect to which the matrix representiAds irreducible tridiagonal and the
matrix representing\* is diagonal.

(i) There exists a basis for with respect to which the matrix representiag is irreducible tridiagonal and the
matrix representing is diagonal.

We call such a pair Beonard paironV. Referring to the above Leonard pair, itis known there exists a decomposition
of Vinto a direct sum of one-dimensional subspaces, on whiabts in a lower bidiagonal fashion add acts in

an upper bidiagonal fashion. This is called #pit decompositionin this paper, we give two characterizations of

a Leonard pair that involve the split decomposition.
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1. Leonard pairs and Leonard systems

We begin by recalling the notion oflzeonard pair[6,12—18] We will use the following terms. Let
X denote a square matrix. Thehis calledtridiagonal whenever each nonzero entry lies on either the
diagonal, the subdiagonal, or the superdiagonal. Assxiisetridiagonal. TherX is calledirreducible
whenever each entry on the subdiagonal is nonzero and each entry on the superdiagonal is nonzero.We
now define a Leonard pair. For the rest of this pdjgevill denote a field.

Definition 1.1 (Terwilliger [13, Definition 1.1). LetV denote a vector space ovErwith finite positive
dimension. By d_eonard paironV, we mean an ordered pair of linear transformatiansyV — V and
A* 1V — V that satisfies both (i) and (ii) below.

(i) There exists a basis fof with respect to which the matrix representifgs irreducible tridiagonal
and the matrix representing* is diagonal.

(i) There exists a basis fof with respect to which the matrix representiag is irreducible tridiagonal
and the matrix representinygis diagonal.

Note 1.2. According to a common notational conventidri denotes the conjugate transposetofVe
are not using this convention. In a Leonard p&jrA* the linear transformation& and A* are arbitrary
subject to (i) and (ii) above.

Our use of the name “Leonard pair” is motivated by a connection to a theorem of L@npr@60}

[9], which involves they-Racah polynomialfl]; [3, p. 162]and some related polynomials of the Askey
schemd7]. This connection is discussed[it3, Appendix Aland[15, Section 16]Seg4,5,8,10,19For
related topics.

In this paper, we obtain two characterizations of a Leonard pair. These characterizations are based
on a concept which we call treplit decompositionWe will formally define the split decomposition in
Section 2, but roughly speaking, this is a decomposition of the underlying vector space into a direct sum
of one-dimensional subspaces, with respect to which one element of the pair acts in a lower bidiagonal
fashion and the other element of the pair acts in an upper bidiagonal fashjp8] we showed that every
Leonard pair has a split decomposition. In the present paper, we consider a pair of linear transformations
that is not necessarily a Leonard pair. We find a necessary and sufficient condition for this pair to have a
split decomposition. Our main result along this line is Theorem 4.1. Now assuming the pair has a split
decomposition, we give two necessary and sufficient conditions for this pair to be a Leonard pair. These
conditions are stated in Theorems 5.1 and 5.2. These conditions are restated for a more concrete setting
in Theorems 6.3 and 6.4.

When working with a Leonard pair, it is often convenient to consider a closely related and somewhat
more abstract concept called.aonard systenin order to define this we recall a few more terms. det
denote a nonnegative integer. Let WMat(IK) denote thé<-algebra consisting of adl+ 1 byd 41 matrices
which have entries ifi. We index the rows and columns by1)..., d. Let k?+1 denote thek-vector
space consisting of all + 1 by 1 matrices which have entrieslit We index the rows by @, ..., d.

We view k?*1 as a left module for Mat, 1(I) under matrix multiplication. We observe this module is
irreducible. For the rest of this paper we lgtdenote ak-algebra isomorphic to Mat 1 (). When we
refer to an«/-module we mean a lefZ7-module. LetV denote an irreducible7-module. We remark that
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