
Accepted Manuscript

Stable evaluations of fractional derivative of the Müntz–Legendre
polynomials and application to fractional differential equations

S. Erfani, E. Babolian, S. Javadi, M. Shamsi

PII: S0377-0427(18)30178-X
DOI: https://doi.org/10.1016/j.cam.2018.04.010
Reference: CAM 11584

To appear in: Journal of Computational and Applied
Mathematics

Received date : 23 February 2017
Revised date : 18 February 2018

Please cite this article as: S. Erfani, E. Babolian, S. Javadi, M. Shamsi, Stable evaluations of
fractional derivative of the Müntz–Legendre polynomials and application to fractional differential
equations, Journal of Computational and Applied Mathematics (2018),
https://doi.org/10.1016/j.cam.2018.04.010

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to
our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form.
Please note that during the production process errors may be discovered which could affect the
content, and all legal disclaimers that apply to the journal pertain.

https://doi.org/10.1016/j.cam.2018.04.010


Stable evaluations of fractional derivative of the Müntz−Legendre
polynomials and application to fractional differential equations

S. Erfani1, E. Babolian1, S. Javadi1,∗, M. Shamsi2

1Faculty of Mathematical Sciences and Computer, Kharazmi University, 50 Taleghani Ave., Tehran 1561836314, Iran

2Faculty of Mathematics and Computer Science, Amirkabir University of Technology, No. 424, Hafez Ave., Tehran, Iran

Abstract

The aim of this paper is to present efficient and stable methods to compute Caputo fractional derivative
(CFD) of the Müntz−Legendre polynomials based on three−term recurrence relations and Gauss−Jacobi
quadrature rules. This approach with collocation method at Chebyshev− Gauss− Lobatto points has
applied for solving linear and nonlinear fractional multi−order differential equations (FDEs) described
in Caputo sense. The main characteristic of spectral collocation method is that the problems reduce to
linear or nonlinear systems of algebraic equations. In this work, for the first time, we present the new
rates of convergence for projection error which are more accurate than the rate presented by Shen and
Wang in [35]. Moreover, we present convergence rate for spectral collocation method for linear FDEs
with initial value on a finite interval and endpoint singularities. Also, we propse an error analysis for
Jacobi-Gauss type quatrature and present a way to accelerate the convergence rate for singular integrands
applied in this paper. Finally, the stability and applicability of the numerical approach and convergence
analysis is demonstrated by some numerical examples.
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1. Introduction

Fractional order dynamics arise in various areas of science and engineering and have found many ap-
plications in fluid−dynamics, control processing, astronautics, signal processing, robotics and economics
[4, 7, 20, 23, 29, 38, 42]. In recent years, it has been demonstrated that the dynamics of many systems
can be described more precisely by using fractional differential equations (FDEs). FDEs are described
by various definitions of fractional derivative, such as Riemann−Liouville derivatives (RLFD) and Ca-
puto fractional derivatives (CFD). In the current paper, we focus on FDEs with the CFD as a fractional
derivative. Because of the applications of FDEs, immense efforts have been done to find the solutions
of these problems and it has been an important topic for researchers [5, 10, 44, 45]. Since we cannot
find analytical solutions of most FDEs except for special cases, the approximation methods must be used
to approximate the solutions. Recently, some authors have paid attention to introduce some numerical
schemes that approximate the solutions of FDEs, such as Adomian decomposition method [16, 27, 41],
homotopy analysis method [8, 28], variational iteration method [43], spectral methods [10, 33, 36] and
wavelet method [21, 32]. The main contribution of numerical methods is applying the operational ma-
trices of the Riemann−Liouville fractional integration or Caputo fractional derivative for basis functions.
As a global collocation method the class of spectral methods are more applicable and powerful tools
used extensively for finding the numerical solution of FDEs. The collocation points are chosen based
on accurate quadrature rules and the basis functions are typically Legendre or Chebyshev polynomials.
Exponential convergence of the method and ease of applying are two prominent features which have
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