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Abstract

The convergence of a class of operators, both refinable and quasi-interpolatory, is analyzed and some example
are provided.
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1. Introduction

The importance of linear operators in approximation theory is well known, among them a prominent
role is played by quasi-interpolatory operators. Most of these latter are based on the use of polynomial
or spline bases and provide local tools for practical and effective approximation of functions or discrete
data [9,12-15].

On the other hand, refinability, which is at the base of subdivision schemes as well of wavelets, repre-
sents a starting point for the construction of approximation methods, which, as the most recent literature
shows, enable one to obtain a variety of useful application, ranging from the solution of partial differential
equations to the reproduction of curves and surfaces.
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We recall that a refinable function is the solution to two scale refinement equations of the form [2]:

pO0) =) aip(2x —i).
i€eZ

The class of refinable functions we are interested in, has been introduced in [3,5] and applied, for
example, in [4,10]; we will denote in the following these functions by GP refinable functions.

The idea at the base of this and other papers of the authors [7-9,11] is to join the previous items and
construct particular classes of quasi-interpolatory refinable operators.

Some results in this sense are presented in [7,8] where the total positivity of the refinable function
employed in the construction of certain positive operators of Marsden—Schoenberg type affords the pos-
sibility to efficiently reproduce functions preserving their shape.

More general quasi-interpolatory refinable operators will be analyzed in the present paper. They apply
to a large class of functions, involve function evaluations and reproduce appropriate classes of polyno-
mials.

The paper is organized as follows: in Section 2 we give some preliminaries on GP refinable functions;
in Section 3 we introduce the quoted quasi-interpolatory operators whose convergence property is proved
in Section 4. Finally, in Section 5 we present some numerical results.

2. Preliminaries

The GP refinable functions introduced in [3,5] have compact supp@@t in+ 1], and are identified in
terms of their masks, that is of the vectot= {a;} ;cz. The entries of: depend explicitly on the length of
the support and on a certain number of real parameters. For the sake of simplicity, we consider here, the
masks subset depending on only one real paranieten > 2, an assumption by no means restrictive.
Such masks are given by:

:2_1,1[<”:1>+4(2’1"—1)<Z:i)], k=0,1,....,n+1. (1)

If » =n we get the mask of the B-spline nfdegree.

The refinable functions GP enjoy many properties useful in the applications: they are centrally sym-
metric, i.e.p(x) = p(n+1—x), totally positive (TP; for the definition see [1, p. 134]), belongto?(R)
and there results:

Y px—k)=1 xeR, /(p(x)zl,
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Moreover, they have order of polynomial exactngéssn — 1, i.e.

Xz_lzzﬁéflz(p(-x_k)’ Z:l, 2v---vd? (2)
keZ

where the coeﬁicientﬁ@é{}(}kez are given in [11]. Finally, any GP refinable function generates a multires-
olution analysis (MRA) oriR and a MRA on a finite interval can be constructed using the refinable
B-bases obtained as we specify below.
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