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Abstract

Given a finite weak generalized polygdhwith an order(s, r), we provide necessary conditions
on the order fod" to admit a distancg¢ovoid with oddj. This leads to the introduction and study of
similar structures involving flags, which we narfh@veads
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1. Introduction

A weak generalize@-gonis a geometryl' = (2, ¥, 1) of points and lines whose
incidence graph has diameteand girth 2. If each line ofl" is incident with exactly + 1
points and each point is incident with exactly 1 lines, thenl” has ordef(s, ¢), and if
s =t then we may also say thathas ordes. If both s, r > 2 thenI” is ageneralized:-gon
By Feit and Higmari4], apart from ordinary:-gons, finite weak generalizedgons with
n > 2 and having an orddg, t) can exist only fom € {3, 4, 6, 8, 12}, and ifn = 12 then
eithers =1 orr = 1.
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Thedistancé(u, v) between two elementseandv of I' is the distance betweenthem in the
incidence graph. In particular, the valuedof:, v) is at mosn, the diameter of the incidence
graph, and wheh(u, v) = n we say the elementsandv areopposite For an element of
I', the set of elements at distant&om uis denoted 'y (1). The sizes of the sefs; (u), 2
and.¢ are given inf13, Lemma 1.5.4]In particular, we will usél'y; (p)| = st~ 1(t + 1),
wherep is a point and 6 2i <n, and|2| = (1 + s)(1 + st + s2t% + -« + s 11,
whenn = 2m is even.

The duall’® of a weak generalized-gon I’ = (2, %, 1) is the incidence structure
'’ = (%, 2,1) obtained by interchanging the roles of points and lines. The Bfais
then also a weak generalizeegon, and ifl” has ordexs, r) thenI'® has ordext, s).

The double2I” of a weak generalized-gonI"' = (2, £, 1) is the incidence structure
obtained by taking as points the points and line' gdnd as lines the flagp, L}, p € 2,

L € &, of I', with incidence being symmetrized inclusion. This is really just the incidence
graph ofI" with vertices and edges considered as points and lines. The ddiuide2veak
generalized 2-gon, and ifl" has ordesthen 2" has ordeK1, s). In fact, every finite weak
generalized 2-gon with order(1, s) arises as the double of a weak generalizegbn of
orders ([12], see als$13, 1.6.2).

LetI" be aweak generalizedgon. For 1< j <n/2, adistance-j ovoids a set? of points
such that any two points d@f are at least distancej 2&part and such that for every element
p of I' there is some elemegte ¢ with 6(p, ¢) <j. The dual notion is that of distance-j
spread Whenj = n/2, we speak simply obvoidsandspreads

There are several factors that motivate the study of distprms@ids in finite weak
generalized:-gons. For instance, they give rise to perfect codes whsrodd (sed2]),
and they are related to epimorphisms frargons tom-gons withn # m (se€[5,6]). They
also have relationships with such objects as 1-systems, semipartial geometries and strongly
regular graphs (s€8]).

In Section 2, we give necessary conditions for the existence of certain digtanciels.

2. Distance} ovoids

In [10], it is shown that a finite weak generalized hexagdoof order(s, t) can have an
ovoid O only if s =¢. This is done there by a double counting argument, first by counting the
points that lie in ‘neighbourhoods’ of the points @fand then by fixing a poinp of ¢ and
counting the other points @f according to their positions relative poApplying this same
idea to distancg-ovoids in other finite weak generalizeghZyons with an ordegs, ¢) tells
us nothing new whejis even as the two counts result in the same expression, but we do get
restrictions on the order wheris odd. That is to say, in light of Feit and Higm{, that
this approach yields results whejy m) is (3, 3), (3, 4), (3, 6) or (5, 6). As the first of these
casesistreated ¥0], here we treat the remaining ones and so prove the following theorem.

Theorem 1. If a finite weak generalized octagon of order ) admits a distanc® ovoid
thens = 2¢. If a finite weak generalized dodecagon of orderr) admits a distanc&® ovoid
then (s, ) is either(1, 1) or (3, 1). No finite weak generalized dodecagon with an order
(s, 1) has a distancé ovoid
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