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Abstract
The circular graph C(n, m) is such a graph that whose vertex set is {vq, v, v2, ..., v,—1} and edge
setis {vjvj41, Vivjy, i =0,1,...,n — 1}, where m, n are natural numbers, addition is modulo n,

and 2 <m < |n/2]. This paper shows the crossing number of the circular graph C (2m +2, m)(m >3)
ism+ 1.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Let G be a simple graph with the vertex set V and the edge set E. A drawing of G in the
plane %2 is an immersion ¢ : G — % such that

(1) ¢p(w)N¢p(x) =@ foreachv € V(G) and x € (V(G) U E(G)) — {v}, and

(2) ¢(e) N p(f) is finite for each pair {e, f} of edges of G.
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The drawing is called good, if for all ¢(E), no one crosses itself, no two cross more than
once, and no more than two cross at a point in the plane. A crossing in a good drawing is
a point of intersection of two elements in ¢(E). A good drawing is said to be optimal if it
minimizes the number of crossings. The crossing number cr(G) of a graph G is the number
of crossings in any optimal drawing of G in the plane.

The circular graph C (n, m) is such a graph that whose vertex set is {vg, v, v2, ..., Vy—1}
and edge set is {v;vit1, Viviym |1 = 0,1,...,n — 1}, where m, n are natural numbers,
addition is modulo n, and 2 <m < [n/2]. It can be seen that C (3, 2) = K3, C(4, 2)= K4, and
C(5,2) = K5. When 2<<m < n/2, the circular graph C (n, m) is a minor of the generalized
Petersen graph G (n, m). The generalized Petersen graph G (n, m) is the graph which vertex
setis {uj, v;|li =0,1,...,n— 1} and edge setis {u;u;j+1, ViViym, u;jv;ili =0,1,...,n—1},
where m, n are natural numbers, addition is modulo n, and m <n/2. G(n, m) has been
studied in many contexts. Its crossing number is an interesting object [1,4,6]. The crossing
number of C(n, m) was initially investigated in papers [3] and [5], which gave an upper
bound on the crossing number of C (n, m). Since C(2m + 2, m) is planar for m = 2, we
always assume m >3 in this paper, and will prove cr(C(2m + 2, m)) =m + 1.

For graph theory terminology we refer to [2].

2. The main result

Let €2m+2=(VoV2m+1V2ms - - - » Um43V1V2V3, - . ., Up41VUm+2), Which is Hamiltonian cy-
cle of C(2m + 2, m). Draw it in the plane with m + 1 vertices vy, V2m+1, V2m, - - - s Um+4,
Um+3, V1 inacolumn, and m + 1 vertices vy, +2, Unm+1, U, - - - , V4, U3, v2 in another column.
Add the other edges according to the definition of C (2m +2, m). A drawing of C(2m+2, m)
in the plane is shown in Fig. 1 . It can be seen from Fig. 1 that there are m edges parallel
with the edge vjv2, and each but vov,,42 has only one crossing. Combining with the other
two crossings, the following result is obvious.

Lemma 2.1. cr(C2m +2,m))<m + 1.
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