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Abstract

Bhatt and Leighton proved that the crossing number of a network (graph) is closely related to the
minimum layout area required for the implementation of a VLSI circuit for that network. With this
important application in mind, it makes most sense to analyze the crossing numbers of graphs with
good interconnection properties, such as the circulant graphsG(n; ±s1, . . . , ±sm). In this work we
find tight bounds for the crossing numbers of the (double fixed step) circulant graphsG(n; ±1, ±k).
Specifically, we show that for values ofn sufficiently large compared tok, the crossing number
of G(n; ±1, ±k) is bounded by above and by below by linear functions ofn, both of which have
coefficients that approach 1 ask goes to infinity. As an additional application of these bounds, we
show that the crossing numbers of the generalized Petersen graphsP(n, k) are bounded by below
and by above by linear functions ofn, whose coefficients approach25 and 2, respectively, ask goes to
infinity.
© 2005 Published by Elsevier B.V.
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1. Introduction

One of the major motivations for the study of crossing numbers of graphs arises from
the relationship between the crossing number of a network and the layout area required for
the fabrication of a VLSI circuit for that network[4,18,24,25].
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From this perspective, the analysis of crossing numbers of graphs makes most sense when
one focuses on graphs that have good properties as interconnection networks, such as meshes
of trees[5–7]or circulant graphs.The (undirected)circulant graphG(n; ±s1, ±s2, . . ., ±sm)

hasn verticesv(0), v(1), . . . , v(n − 1), so thatv(i) is adjacent to the 2m verticesv(i ±
s1), v(i ± s2), . . . , v(i ± sm) (indices are read modulon). In this paper we focus ondouble
fixed step graphsG(n; ±s1, ±s2), and in particular on graphs of the typeG(n; ±1, ±k)

(see[3,8,15,16,26]). The comprehensive survey[2] is a standard reference for circulant
graphs (and more general distributed loop networks).

SeeFig. 1for an embedding ofG(n; ±1, ±k) in the torus.
In this paper we prove that, for fixedk, the crossing number ofG(n; ±1, ±k) is tightly

bounded by above and by below by linear functions ofn, whose coefficients approach 1 as
k goes to infinity.

Theorem 1. Letk, n be integers such thatk�5 andn�k4. Then
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n + (k2/2 + k/2 + 1).

We also give an argument to show that these bounds imply the following bounds for the
crossing numbers of generalized Petersen graphsP(n, k) (see definition below).
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Fig. 1. An embedding ofG(n; ±1, ±k) in the torus (herek = 5, andn modk = 2). The edgese(i) are drawn with
thick segments, and the edgesf (i) are drawn with thin segments. This is easily generalized to an embedding of
G(n; ±1, ±k) for arbitraryn andk.
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