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Abstract

We present a lower bound for the smallest non-zero eigenvalue of the Laplacian of an undirected
graph. The bound is primarily useful for graphs with small diameter.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
We use the following definition for the Laplacian matrix of a graph, consistent [8]th

Definition. LetGbe an undirected graph with adjacency majand letD be the diagonal
degree matrix defined by;; = degv;) andd;;, = 0 fori # k. TheLaplacianof G is the
matrix = | — D-Y/2AD~Y/2,

The eigenvalues a¥ areinthe range [0, 2]. Zero is always an eigenvalue with multiplicity
equal to the number of connected component§,adind 2 occurs as an eigenvalue if and
only if G is bipartite. The eigenvalues of contain additional information regarding the
structure ofG. They can be used to establish bounds on the diame@asfvell as distances
between subsets &f[1,4,2,5] The magnitudes of the eigenvalues also determine the rate of
convergence of various iterative computations such as those described;iit is therefore
desirable to find bounds on the eigenvalues themselves. One of the best lower bounds for

E-mail addresgpg@alum.mit.edu

0012-365X/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2005.06.017


http://www.elsevier.com/locate/disc
mailto:jpg@alum.mit.edu

226 J.P. Grossman/Discrete Mathematics 300 (2005) 225-228

the smallest non-zero eigenvalligis established ifi3]

1

HereD is the diameter o5, and volG) is the sum of the degrees of all vertices. In this
paper, we present a lower bound anwhich is easy to compute and is tighter than (1) for
certain graphs with low diameter.

2. A lower bound for 1

Consider the similar matrix =D~/2. #D2=1 —D~'A which has the same eigenvalues
as?. If fis an eigenfunction of corresponding to eigenvalughen for any vertex

1
1-1 = , 2
A=Df0) = gors Z £ )
whereu ~ v denotes that the verticasv are connected. Let, vy, . .., v,+1 be asequence

of connected vertices such thatv;) is maximal andf (v,,+1) <0. For convenience, set
x;i = f(v;). Leta =1 — 4, and letd be the maximum degree of any vertex®f Since
v1 ~ vz and f (v1) is maximal, Eq. (2) gives us

1

x2 (degvy) — Dxg (d—Dx1

X2
= < <= 3
1= Gego) zw;‘l FWS Geqon degvr) a4 3
Similarly, sincev; ~ v;_1 andv; ~ v;11 for 2<i <m, we have
oy < i + Xit1 n (d — 2))61. @)

d d

Scalingf if necessary, we may assume that= 1 and rewrite inequalities (3) and (4) as

x2>1— Ad,
Xiy1=odx; —xi—1— (d — 2). )

We assume that <1 andad > 1; otherwise we have the bourdd> (d — 1)/d which is
much better than the one we will derive.

Lemma. For 3<k<m + 1we haver, >1 — lak—3qk—2 — jgk—2qk1,
Proof. Our proof is by induction. Setting= 2 in inequality (5) establishes the base case:

xz>odxo —1—(d—2)>0d(1—Jd)+1—d=1—id — Jod®.
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