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Abstract

Agraph polynomialP (G, x) is called reconstructible ifitis uniquely determined by the polynomials
ofthe vertex-deleted subgraphs®for every graplts with atleast three vertices. In this note itis shown
that subgraph-counting graph polynomials of increasing families of graphs are reconstructible if and
only if each graph from the corresponding defining family is reconstructible from its polynomial deck.
In particular, we prove that the cube polynomial is reconstructible. Other reconstructible polynomials
are the clique, the path and the independence polynomials. Along the way two new characterizations
of hypercubes are obtained.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Let G be a simple graph with a vertex sét= {v1, v2, ..., v,} and letG; = G — v;,
1<i<n, be its vertex-deleted subgraph. Then, the multiget, Go, ..., G,} is called
the deckof G. A graphG is calledreconstructibleif it is uniquely determined (up to
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isomorphism) by its deck. The well-knowaconstruction conjecturéalso known as the
Kelly—-Ulam conjecture) asserts that all finite graphs on at least three vertices are recon-
structible, cf[1].

More generally, graph property is reconstructibli it is uniquely determined by the
deck of a graph. Many graph properties have been proved to be reconstructible, for instance,
the number of Hamiltonian cycles and the number of one-factor$18jf.for these and
many more properties. In addition, Tuff26] proved that the characteristic polynomial,
the chromatic polynomial, and their generalizations are also reconstructible, in addition to
the matching polynomigl,13]. For more information on the reconstruction of classical
graph polynomials see the survgg]. In the same paper Farrell also observed that the
reconstruction conjecture can be stated in terms of reconstructible graph polynomials.

Given a graph property, do we really need the deck of a graph for its reconstruction? In
particular, given agraph polynomial, can it be reconstructed fropoligromial deckthat is,
from the multiset of the polynomials of the vertex-deleted subgraphs? For the characteristic
polynomial, Gutman and Cvetkav{15] posed this question in 1975, but the problem
remains open. Recently, Hagld$] proved that the characteristic polynomial of a graph is
reconstructible from the polynomial deck of a graph together with the polynomial deck of
its complement. For related results $§28] and[24]; in the latter paper Schwenk supposes
that the answer to the question is negative.

In this paper we consider the problem of reconstructing a graph polynomial from its
polynomial deck for a class of polynomials that are defined as generating functions for the
numbers of subgraphs from given increasing families of graphs. These subgraph-counting
polynomials are instances Bfpolynomials in the sense of Farréd].

In the next section we formally introduce these polynomials and prove that such poly-
nomials are reconstructible from the polynomial deck if and only if each graph from the
corresponding defining family is reconstructible from its polynomial deck. The well-known
clique, independence, star and path polynomial as well as the recently introduced cube
polynomial[3] are of this type . In Section 3 we prove that the cube polynomial is also re-
constructible. Two related characterizations of hypercubes are given, for example, a graph
is a hypercube if and only if its cube polynomial is of the fogmi 2)%.

2. Reconstruction of #-polynomials

Let# ={Hop, H1, H>, ...} be afamily of graphs such th&f = K1 andH; is an induced
subgraph off; 1 fori =0, 1, 2, ... . We call such a family of graphs amcreasing family
Given an increasing family?, and an arbitrary grap8, we denote by, (G) the number
of inducedH;’s in G. The#-polynomialP,» (G, x) of a graphG is the generating function
for the p; (G), that is,

Py (G,x)=Y_ pi(G)x'. (1)

i=0

For example, settingl; = K;, respectivelyH; = K; or H; = Q;, one obtains thelique
polynomial[10,17], theindependence polynomift,14,17] and thecube polynomial3].
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